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Abstract. The jet formalism for Classical Field theories is extended to the 
setting of Lie algebroids. We define the analog of the concept of jet of a section 
of a bundle and we study some of the geometric structures of the jet manifold. 
When a Lagrangian function is given, we find the equations of motion in terms 
of a Cartan form canonically associated to the Lagrangian. The Hamiltonian 
formalism is also extended to this setting and we find the relation between the 
solutions of both formalism. When the first Lie algebroid is a tangent bundle 
we give a variational description of the equations of motion. In addition to 
the standard case, our formalism includes as particular examples the case 
of systems with symmetry (covariant Eulcr-Poincarc and Lagrange Poincare 
cases), variational problems for holomorphic maps, Sigma models or Chern- 
Simons theories. One of the advantages of our theory is that it is based in the 
existence of a multisymplcctic form on a Lie algebroid. 



1. Introduction 

The idea of using Lie algebroids in Mechanics is due to Weinstein [HOj • He showed 
that it is possible to give a common description of the most interesting classical 
mechanical systems by using the geometry of Lie algebroids (and their discrete 
analogs using Lie groupoids). The theory includes as particular cases systems with 
holonomic constraints, systems defined on Lie algebras, systems with symmetry and 
systems defined on semidirect products, described by the Euler-Lagrange equations 
(also known in each case as constrained Euler-Lagrange, Euler-Poincare, Lagrange- 
Poincare or Hammel equations \W\). 

Following the ideas by Klein [37], a geometric formalism was introduced in |45|. 
showing that the Euler-Lagrange equations are obtained be means of a symplectic 
equation. Here symplectic is to be understood in the context of Lie algebroids, i.e. 
a regular skew-symmetric bilinear form which is closed with respect to the exterior 
differential operator defined by the Lie algebroid structure. Also a Hamiltonian 
symplectic description was defined in (see also |%31H5| 1. 

Later [551 H5] this theory was extended to time-dependent Classical Mechanics 
by introducing a generalization of the notion of Lie algebroid when the bundle is no 
longer a vector bundle but an affine bundle. The particular case considered in |56| is 
the analog of a first jet bundle of a bundle M — > R, and hence it is but a particular 
case of a first order Field Theory for a 1-dimensional space-time. Therefore, it is 
natural to investigate whether it is possible to extend our formalism to the case of a 
general Field Theory, where the space-time manifold is no longer one dimensional, 
and where the field equations are defined in terms of a variational problem. 

The today standard formalism in classical Field Theory is the multisymplectic 
approach. It was implicit in the work of De Donder ^2] an d Lepage [35], and it 
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was rediscovered later on in the context of relativistic field theories 1^41 1361 
P. See also EHl EHl EZl CHI EU dl EDI OSl E21 A recent renewed interest 
in multisymplectic geometry is in part motivated by the discovery of numerical 
integrators which preserve the multisymplectic form Q3| 

There exists other approaches in the literature, as it is the case of the polysym- 
plectic formalism in its various versions: Gunther's formalism ^3 1171 E§| and 
that of Sardanashvily and coworkers (411 1251 l5~4"| . See also [351 l5"T] . They will not 
be considered in this paper. 

Generally speaking, there are three different but closely related aspects in the 
analysis of first order field theories: 

• variational approach, which leads to the Euler-Lagrange equations, 

• multisymplectic formalism on the first jet bundle, and 

• infinite-dimensional approach on the space of Cauchy data. 

In a previous paper 03 we have studied several aspects of the variational ap- 
proach to the theory formulated in the context of Lie algebroids, a review of which is 
presented here in a more intrinsic way. The aim of this paper is to develop the mul- 
tisymplectic formalism for those variational problems defined over Lie algebroids, 
and we will leave for the future the study of the infinite-dimensional formalism. 

The standard geometrical approach to the Lagrangian description of first order 
classical field theories [HJ El HE] is based on the canonical structures on the first 
order jet bundle [SZ) of a fiber bundle whose sections are the fields of the theory. 
Thinking of a Lie algebroid as a substitute for the tangent bundle to a manifold, 
the analog of the field bundle to be considered here is a surjective morphism of Lie 
algebroids n : E — ► F '. 

In the standard theory, a 1-jet of a section of a bundle is but the tangent map 
to that section at the given point, and therefore it is a linear map between tangent 
spaces which has to be a section of the tangent of the projection map. In our theory, 
the analog object is a linear map from a fiber of F to a fiber of E which is a section 
of the projection 7T. The space 07r of these maps has the structure of an affine 
bundle and carries similar canonical structures to those of the first jet bundle, and 
it is in that space where our theory is based. In particular, in the affine dual of 07r 
there exists a canonical multisymplectic form, which allows to define a Hamiltonian 
formalism. 

One relevant feature of our theory is that it is a multisymplectic theory, i.e. in 
both the (regular) Lagrangian and the Hamiltonian approaches, the field equations 
are expressed in term of a multisymplectic form Q, as the equations for some sections 
iff satisfying an equation of the form iff*ix^l = 0. In this way it is possible to extend 
the category of multisymplectic manifolds to the category of multisymplectic Lie 
algebroids, where it is possible to study reduction within this category. 

The situation is to be compared with the so called covariant reduction the- 
ory [5J . There the field equations are obtained by reducing the variational 
problem, i.e. by restricting the variations to those coming from variations for the 
original unreduced problem. Therefore, that equations are of different form in each 
case, Euler-Poincare, Lagrange-Poincare for a system with symmetry and (a some- 
how different) Lagrange-Poincare for semidirect products. In contrast, our theory 
includes all these cases as particular cases and the equations are always of the same 
form. This fact must be important in the general theory of reduction. 

The organization of the paper is as follows. In section El we will recall some dif- 
ferential geometric structures related to Lie algebroids, as the exterior differential, 
the tangent prolongation of a bundle with respect to a Lie algebroid, the tangent 
prolongation of a bundle map with respect to a morphism of Lie algebroids, and 
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the flow defined by a section. In section [3] we define the manifold of jets in this 
generalized sense, and we will show that it is (the total space of) an affine bun- 
dle. The anchor and the bracket of the Lie algebroid introduce more structure 
which is presented there. In section 01 we consider repeated jets. This is neces- 
sary since the equations in our theory are, as in the standard case, second order 
partial differential equations (generally speaking). This leads us to the definition 
of holonomic and semiholonomic jets. The relation of jets on Lie algebroids and 
ordinary jets is studied in section where we also show how to associate a partial 
differential equation to a submanifold of 07r. We pay special attention to the con- 
ditions relating holonomic jets and morphisms of Lie algebroids. In section [S] we 
introduce the Lagrangian description of a Field Theory defined by a Lagrangian 
on $tt. The equations of motion are expressed in terms of a Cartan form and of 
its differential, the multisymplectic form. In section we show that, in the case 
F = TN, the equations obtained by the multisymplectic formalism coincide with 
the Euler-Lagrange equations determined by constrained variational calculus. The 
Hamiltonian counterpart is studied in section |SJ We show the relation between the 
solutions in the Hamiltonian and in the Lagrangian approaches. In section [5] we 
show some examples where the theory can be applied and to end the paper we 
discuss some open problems and future work. 

We finally mention that related ideas to those explained in this paper have been 
recently considered by Strobl and coworkers 12] in the so called off-shell theory. 
In this respect our theory should be considered as the on-shell counterpart for the 
cases considered there. 

Notation. All manifolds and maps are taken in the C°° category. The set of 
smooth functions on a manifold M will be denoted by C°°(M). The set of smooth 
vectorfields on a manifold M will be denoted X(M). The set of smooth sections 
of a fiber bundle it: B — > M will be denoted Sec(7r) or Sec(B) when there is no 
possible confusion. 

The tensor product of a vector bundle r: E — > M by itself p times will be 
denoted by t® p : E® p — > M, and similarly the exterior power will be denoted by 
t a p . £A P M _ The get of sections of the dual t *a p . (£*)A P M wiu be denoted 

by A P E. For p = we have A° E = C°°(M). 

By a bundle map from it : P — > M to n' : P' — > M' we mean a pair $ = ($, $) 
with $ : P — > P' and $ : M — » M' satisfying it' o <f> = $ o n. The map $ is said to 
be the base map. If P and P' are vector bundles and <& is fiberwise linear we say 
that <I> is a vector bundle map. 

Let r : E — > M and r' : E' — > M' be two vector bundles. Consider two points 
in G M and ml 6 M', and a linear map (\>: E m — * E' m ,. The transpose or dual map 
is a map cj>* : E'* m , — » E* m given by (<f>*a, a) = {a, (f>(a)), for every a £ E'* m ,. This 
action extends to covariant tensors as usual. If moreover (f> is invertible, then we 
can extend <j>* also to contravariant tensors. We just need to define it for vectors: 

ifCe£™< then 0*C = r 1 (C) eE m . 

The notion of pullback of a tensor field by a vector bundle map needs some 
attention. Given a vector bundle map <f> — ($, $) from the vector bundle r : E — > M 
to the vector bundle r' : E' — > M' we define the pullback operator as follows. For 
every section (3 of the p-covariant tensor bundle ® P E'* — > M' we define the section 
$*/3 of -> M by 

) = %m) (*(ai), *(a 2 ), ■ ■ ■ , $(ap)), 

for every oi, . . . , a p S i? m . The tensor $*/3 is said to be the pullback of j3 by $. 
For a function / G C°°(M') (i.e. for p = 0) we just set $*/ = $*/ = / o $. 
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It follows that (g> (3) = (<&*a) (g) ($*/?)■ When $ is fiberwise invertible, we 

define the pullback of a section a of E' by ($*<j) m — (&m)~ 1 (c(!k.('m)), where <& m 
is the restriction of <f> to the fiber E m over m G M. Thus, the pullback of any 
tensor field is defined. 

In the case of the tangent bundles E = TM and E 1 — TM' , and the tangent 
map Tip: TM -> TM' of a map ip: M -» M' we have that (Tip, <^)*/3 = <^*/3 is the 
ordinary pullback by ip of the covariant tensor field (3 on M' . Notice the difference 
between the symbols * (star) and * (asterisque) . 

2. Preliminaries on Lie algebroids 

In this section we introduce some well known notions and develop new concepts 
concerning Lie algebroids that are necessary for the further developments. We refer 
the reader to pll 1391 BH1 184| for details about Lie groupoids, Lie algebroids and their 
role in differential geometry. While our main interest is in Lie algebroids, we will 
consider as an intermediate step the category of anchored vector bundles [SJ ■ 

Lie algebroids. Let M be an n-dimensional manifold and let r: E — > M be a 
vector bundle. A vector bundle map p: E — > TM over the identity is called an 
anchor map. The vector bundle E together with an anchor map p is said to be an 
anchored vector bundle. A structure of Lie algebroid on E is given by a Lie 
algebra structure on the C°° (M)-module of sections of the bundle, (Sec(£'), [• , •]), 
together with an anchor map, satisfying the compatibility condition 

[<r>fv] = f[^v\ + (pi^fiv- 

Here / is a smooth function on M, a, n are sections of E and we have denoted by 
p(a) the vector field on M given by p{a){m) = p(a(m)). From the compatibility 
condition and the Jacobi identity, it follows that the map a 1— > p(cr) is a Lie algebra 
homomorphism from Sec(E) to X(M). 

It is convenient to think of a Lie algebroid, and more generally an anchored 
vector bundle, as a substitute of the tangent bundle of M. In this way, one regards 
an element a of E as a generalized velocity, and the actual velocity v is obtained 
when applying the anchor to a, i.e., v — p(a). A curve a: [to, t\] — > E is said to be 
admissible if m(t) = p(a(t)), where m(t) — r(a(t)) is the base curve. 

When E carries a Lie algebroid structure, the image of the anchor map, p(E), 
defines an integrable smooth generalized distribution on M. Therefore, M is foli- 
ated by the integral leaves of p{E), which are called the leaves of the Lie algebroid. 
It follows that a(t) is admissible if and only if the curve m(t) lies on a leaf of the Lie 
algebroid, and that two points are in the same leaf if and only if they are connected 
by (the base curve of) an admissible curve. 

A Lie algebroid is said to be transitive if it has only one leaf, which is obviously 
equal to M. It is easy to see that E is transitive if and only if p is surjective. If E 
is not transitive, then the restriction of the Lie algebroid to a leaf L C M, E\l — > L 
is transitive. 

Given local coordinates (x l ) in the base manifold M and a local basis {eo,} of 
sections of E, we have local coordinates (x l , y a ) in E. If a 6 E m is an element then 
we can write a = a a e a (m) and thus the coordinates of a are (m l , a"), where m l are 
the coordinates of the point m. The anchor map is locally determined by the local 
functions p l a on M defined by p(e a ) = p l a {d/dx l ). In addition, for a Lie algebroid, 
the Lie bracket is determined by the functions C^ 7 defined by [e Q ,e^] = C'2^e 7 . 
The functions p l a and are said to be the structure functions of the Lie algebroid 
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in this coordinate system. They satisfy the following relations 



n> - r? - „* C 1 and V f n l 




= 



cyclic(a,/3,7) 



which are called the structure equations of the Lie algebroid. 

Exterior differential. The anchor p allows to define the differential of a function 
on the base manifold with respect to an element a G E. It is given by 



It follows that the differential of / at the point m S M is an element of E^. 

Moreover, a structure of Lie algebroid on E allows to extend the differential to 
sections of the bundle /\ p E which we will call just p-forms. If a; € Sec(/\ p E) then 
duj G Sec(A P+1 E) is defined by 



In the rest of the paper the symbol d will refer to the exterior differential on the 
Lie algebroid E and not to the ordinary exterior differential on a manifold. 

The usual Cartan calculus extends to the case of Lie algebroids (See |S3)- For 
every section a of E we have a derivation i a (contraction) of degree —I and a 
derivation d a = i a o d + d o i a (Lie derivative) of degree 0. Since d 2 = we have 
that d a ° d = d o d a . Nevertheless, notice that there are derivations of degree that 
commutes with the exterior differential d but are not Lie derivatives. 

Admissible maps and morphisms. Let r : E — > M and t' : E' — > M' be two 

anchored vector bundles, with anchor maps p: E — > TM and p' : E' — > TM'. Let 
<f> = ($,$) be a vector bundle map, that is $: E — > E 1 is a fiberwise linear map 
over M — > M'. We will say that $ is admissible if it maps admissible curves 
into admissible curves. It follows that <I> is admissible if and only if T$ o p = p' o $. 
This condition can be conveniently expressed in terms of the exterior differential as 
follows. The map $ is admissible if and only if $*ci/ = d<f>* / for every function 



If £J and E' are Lie algebroids, then we say that $ is a morphism if "l 1 *^ = d$*8 
for every 6 Sec(/\E). Obviously, a morphism is an admissible map. It is clear 
that an admissible map can be properly called a morphism of anchored vector 
bundles; nevertheless since our main interest is in Lie algebroids we will reserve the 
word morphism for a morphism of Lie algebroids. 

Let (x % ) be a local coordinate system on M and (x H ) a local coordinate system 
on M' . Let {e a } and {e' a } be local basis of sections of E and E', respectively, and 
{e a } and {e' a } the dual basis. The bundle map $ is determined by the relations 
= 4> % {x) and <E>*e /Q = (f^e 13 for certain local functions (j) 1 and on M, Then 
<f> is admissible if and only if 



df{a) = p(a)f. 



dw(o- ,CTi, . . . ,0-p) = y^p(o-j)(- 1)^(0-0, . . . ,S~i, . . .,<7 p )+ 



+ ^2(-l) l+:1 uj([a t ,a :j },(Jo, ...,Oi,...,aj,... 




It follows that d is a cohomology operator, that is d 2 = 0. 
Locally the exterior differential is determined by 




/ G C°°(M'). 
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The map $ is a morphism of Lie algebroids if and only if 

in addition to the admissibility condition above. In these expressions p l a , C^ 7 are 
the structure functions on E and p' l a , C"/? 7 are the structure functions on E' . 

The prolongation of a Lie algebroid. (See 1531 ITo] ) Let tt: P -» M be a 

bundle with base manifold M. Thinking of as a substitute of the tangent bundle 
to M, the tangent bundle to P is not the appropriate space to describe dynamical 
systems on P. This is clear if we note that the projection to M of a vector tangent 
to P is a vector tangent to M, and what one would like instead is an element of E, 
the 'new' tangent bundle of M. 

A space which takes into account this restriction is the £?-tangent bundle of P, 
also called the prolongation of P with respect to E, which we denote here by T E P. 
It is defined as the vector bundle t e : T E P — > P whose fiber at a point p G P m is 
the vector space 

r p E P = { (b, v) e E rn x T p P | p(b) = T p tt{v) } . 

We will frequently use the redundant notation (p, b, v) to denote the element (b, v) £ 
TpE. In this way, the map t e is just the projection onto the first factor. The anchor 
of T E P is the projection onto the third factor, that is, the map p 1 : T E P — > TP 
given by p 1 ^, b, v) = v. 

We also consider the map Ttt : T E P -> E defined by Tn{p, 6, v) = b. The bundle 
map (TV, tt) will also be denoted by Ttt. The origin of the notation Ttt will become 
clear later on. An element Z — (p, b, v) £ T E P is said to be vertical if it projects 
to zero, that is Ttt(Z) = 0. Therefore it is of the form (p,0,v), with v a vertical 
vector tangent to P at p. 

Given local coordinates (x l , u A ) on P and a local basis {e Q } of sections of E, we 
can define a local basis {X a , Va} of sections of T E P by 



% a (p) = (p, e Q (7r(p)), P l a -^~ ) and V A (p) = (p, 0, J . 
If (p, 6, v) is an element of T E P, with = z Q e Q , then v is of the form v — p l a z a -J~ 



d 



v A tSit, and we can write 



(p,6, w ) = z a X tt (p)+^V j4 (p). 

Vertical elements are linear combinations of {Va}- 

The anchor map p 1 applied to a section Z of T E P with local expression Z 
Z a "X a + V a Va is the vectorfield on E whose coordinate expression is 



dx l du A 

If E carries a Lie algebroid structure, then so does T E P. The Lie bracket 
associated can be easily defined in terms of projectable sections as follows. A 
section Z of T E P is said to be projectable if there exists a section a of E such that 
Ttt o Z — a o tt. Equivalently, a section Z is projectable if and only if it is of the 
form Z(p) = (p, (j(tt(p)),X(p)), for some section a of E and some vector field X on 
E. The Lie bracket of two projectable sections Z\ and Z^ is then given by 

[Zi,Z 2 ](p) = (p, [a 1 ,a 2 ](m), [X 1 ,X 2 ](p)), p&P,m = tt( p ). 

It is easy to see that \Z\,Z%\{j>) is an element of T E P for every p e P. Since 
any section of T E P can be locally written as a linear combination of projectable 
sections, the definition of the Lie bracket for arbitrary sections of T E P follows. 
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The Lie brackets of the elements of the basis are 

[X a ,Xf,]=C% () X y , [X a ,V B }=0 and [V A ,V B }=0. 
and the exterior differential is determined by 

dx l = p l a X a du A = V A 

and 

dX 7 = -\cl p X a A X? dV A = 0, 

where {X a ,V A } is the dual basis to {Xq,,Va}- 

Prolongation of a map. The tangent map extends to a map between the pro- 
longations whenever we have an admissible map. Let \Ij = be a bundle map 
from the bundle w: P — > M to the bundle n' : P' -> M'. Let $ = ($,$) be an 
admissible map from r : B^Mto/: P' — > M'. Moreover, assume that both base 
maps coincide, \? = $. The prolongation of ^ with respect to $ is the mapping 
T**: T £ P -> T £ 'P' defined by 

T ¥ *(p,M = (*(p),$(6),T p W( V )). 

ft is clear from the definition that T*^ = (T*W, <&) is a vector bundle map from 
r# : T E P -» P to t|,' : T E 'P' -» P'. 

Proposition 1. TTie map T*^ is an admissible map. Moreover, T*^ is a mor- 
phism of Lie algebroids if and only if $ is a morphism of Lie algebroids. 

Proof. It is clearly admissible because p 1 o T*^ = o p 1 . Therefore we have 
rf(T**)*P = (T**)*dP for every function F G C°°(P'). In order to prove that 
d^T**)*/? = (T**)*d/3 for every /3 G Sec(P'*), we take into account that every 
1-form on T E P' can be expressed as a linear combination of exact forms dF and 
basic forms (T n')*6, for P G C°°(P') and G Sec(P'*). (This is clear in coordinates 
where X" = (Tir)*e a and V A = dy 4 ). Therefore it is enough to prove that relation 
for this kind of forms. 

For an exact 1-form /3 = dF we have 

d(T**)*dP - (T*tf )*ddF = dd(T*y)*F -0 = 

where we have used that T*^ is admissible. 
For a basic form /3 = (Tn')*6 we have 

d(T**)*(T'n')*9 = d(Tn' o T**)*6» = d(* o Tn)*6 = d(T7r)*$*fl = (T7r)*d$*6», 

where we have used that T-7T is a morphism. On the other hand 

(T**)*d(T7r')*0 = (T*1<)*(7V)*d0 = (Ttt'oT**)*^ = ($oT^)*d# = (T7r)*$*d#, 

where we have used that Ttt' is a morphism. Therefore, T*^ is a morphism if and 
only if 

(T7r)*(d$*6»- $*d(9) = 0. 
Since T-7T is surjective the above equation holds if and only if $ is a morphism. □ 

Given local coordinates x % on M and x n on M', local adapted coordinates 
(x l 7 u A ) on P and (x' 4 , on P' and local basis of section {e a } of P and {e' a } of P', 
the maps $ and <J/ are determined by <I>*e' Q = <&^e^ and ^(x, u) = (cj) l (x), tp A (x, uj). 
Then the action of 7~*\I/ is given by 

(T**)*x' a = ^x 13 

1 J Pa Ox* Ou^ 
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Equivalcntly, for every p € P we have 




*(X Q (p)) 



$i{m)X'M) + pi(m) 



dx l 




*(Va(p)) 




where to = 7r(p) and p' = 

Remark 2. The following special situations are relevant: 

• If E = E' and the base map of 'J is the identity in M, \J/ = idM, we can 
always take as $ the identity in E, $ = id = (ide,idM)- In this case, we 
will simplify the notation and we will write TvP instead of T ld ^>. 

• We can consider as the bundle P the degenerate case of id m '■ M — > M. 
Then we have a canonical identification E = T E M, given explicitly by 
a e E = (to, a, p(a)) € T E M, where to = r(a). 

• With this identification, the map T n : T E P — > T E M = E is just (p, a, i>) i— > 
(to, a, p(a)) = a, which justifies the notation T-7T for the projection onto the 
second factor. 

• Moreover, if $ = ($,$) is an admissible map from the bundle r: E — > M 
to the bundle t' : E' — > M' , then we can identify the maps <& = T* $ and 
therefore $ = T*i>. 



We finally mention that the composition of prolongation maps is the prolonga- 
tions of the composition. Indeed, let be another bundle map from n' : P' — > M' 
to another bundle it" : P" — > M" and be another admissible map from t' : E' — > 
M' to r" : _E" — > M" both over the same base map. Since $ and $' are admissible 
maps then so is $' o $, and thus we can define the prolongation of o \& with 
respect to o $. We have that T*'°*(*' o 1<) = (T*V) o (T**). 

Flow of a section. Every section of a Lie algebroid has an associated local flow 
composed of morphisms of Lie algebroids as we are going to explain next. In this 
context, by a flow on a bundle r : E — > M we mean a family of vector bundle maps 
$ s = (<i> s , $ s ) where <&„ is a flow (in the ordinary sense) on the manifold E and $ s 
is a flow (in the ordinary sense) on the manifold M. 

Theorem 3. Let a be a section of a Lie algebroid r : E — > M. There exists a local 
flow $ s on the bundle r : E —> M such that 



for any section 8 of f\ E. For every fixed s, the map $ s is a morphism of Lie 
algebroids. The base flow $ s : M — ► M is the flow (in the ordinary sense) of the 
vectorfield p{a) s X(M). 

Proof. Indeed, let be the vector field on E determined by its action on fiberwise 
linear functions, 



for every section 9 of E* , and which is known as the complete lift of a (see |3(JII45| h 
It follows that € X(E) is projectable and projects to the vectorfield p(a) G 
X(M). Thus, if we consider the flow Q s of X£ and the flow <& s of p(a), we have 
that <& s = (¥ s ,$ s ) is a flow on the bundle t: E — ► M. Moreover, since X% 
is linear (maps linear functions into linear functions) we have that $ s are vector 
bundle maps. 



❖ 
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, it is enough to prove it for 



In order to prove the relation d a 9 = -j^^O 

s — u 

1-forms. If 9 be a section of E* , then for every m £ M and a £ E m we have 

d 



{(d a 9) m ,a) = d ry 9{a) = (X^9)(a) = -(9o$ s ) (a) 



d ( 
ds 



* s O) 



.*.(«)) 



s=o as 



s=0 



(a). 



Moreover, the maps $ s are morphisms of Lie algebroids. Indeed, from the rela- 



s=0 



tion d o d a — d a o d we have that ^($*<i# - 
S*. It follows that $*d9 — d$*9, so that $ s is a morphism 

By duality, we have that 



for every section 9 of 
□ 



for every section £ of E. Therefore we have a similar formula for the derivative of 
any tensorfield. 

Remark 4. Alternatively one can describe the flow of a section in terms of Poisson 
geometry. A Lie algebroid structure is equivalent to a fiberwise linear Poisson 
structure on the dual E* . The section a defines a linear function in E* , and 
thus has an associated Hamiltonian vectorfield. The flow of this vectorfield is the 
transpose of the flow defined here. Since the flow of a Hamiltonian vectorfield leaves 
invariant the Poisson tensor its dual is a morphism of Lie algebroids. See for 
the details. o 

Remark 5. In the case of the standard Lie algebroid E = TM we have that a 
section a is but a vector field on M. In this case, the flow defined by the section a 
is but <i> s — (T(j) s , (j) s ) where 4> s is the ordinary flow of the vectorfield a. o 

In the case of a projectable section of T E P the flow can be expressed in terms 
of the flows of its components. 

Proposition 6. Let Z be a projectable section of T E P and let a G Sec(£') the 
section to which it projects. Let $ s be the flow of the section a. Let ^ s be the flow 
of the vectorfield p 1 (Z) € 3C(P), }j/_ s the flow of the vector field p(a) £ X(M), and 
= The flow of Z is r* s * s . 

Proof. We first note that T® si Sf s is well defined since the base maps of both <i> s and 
* s are equal to the flow of p(a). We have to prove that d z (3 = j-(T* s , 

s s=0 

for every form f3 £ /\ T E P. But it is sufficient to prove it for 0-forms and 1-forms. 
For a function F £ C°°(P) we have that 



d z F = p 1 {Z)F = -Fo$ 
ds 



s=0 



ds 



s=0 



For 1-forms it is sufficient to prove the property for exact and basic 1-forms. For 
an exact form [3 = dF we have 



d z dF = dd z F = d—(T*>V s )*F 



s=0 



ds 



)*F 



s=0 



^-(T*>V s )*dF 
ds 



i=0 



Finally for a basic form [3 = (Tir)*9 we have 



d z [(Tir)*6] 



ds 



s=0 



ds 



= ^-{<^ s oTttY9 

ds K ' 

which ends the proof. 



s=0 



ds 



=o ds 

□ 
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3. Jets 

In this section we introduce our generalization of the space of jets, which will 
be the manifold where the Lagrangian of a field theory is defined. The key idea 
is to substitute the tangent bundle of a manifold by an appropriate Lie algebroid. 
To clarify the exposition we will introduce the concepts in an incremental man- 
ner, defining the concepts first on vector spaces, then on vector bundles and later 
introducing the anchor and finally the Lie algebroid structure. 

Splittings of exact sequences. Let F and E be two finite dimensional real vector 
spaces and let it : E — > F be a surjective linear map. If we denote by K the kernel 
of 7r, we have the following exact sequence 

— ► K -^-> E F — > 0, 

where i is the canonical inclusion. Therefore we have the induced sequence 

— ► Lin(F, K) Lin(F, E) Lin(F, F) — ► 0. 

For every linear map £ : F — ► F we set 

Lin ? (F, E) = {4> E Lin(F, E) ir o = ( } . 

It follows that Lin c (F, E) is an affine subspace of Lin(F, E) with underlying vector 
space Lm°(F,E) = Lm(F,K). For C = id F we have that Lin ld (F,E) is the set of 
splittings of the original sequence and it is a model for all that affine spaces. The 
following diagram explain the situation 



^ Lm(F, K) Lin(F, E) — Lin(F, F) ^ . 




Lin id (F,£) 

The vector space dual to Lin(F, E) is Lin(F, E)* — Lin(£ l , F), with the pairing 

(p, w) — tr(p otij)= tr(w o p), 

for p e Lm(E, F) and w £ Lm(F, E). It follows that any element p e L'm(E, F) can 
be identified with an element p in the bidual space Lin(F, E)* = Lin(_E, F)** , that 
is, with a linear function p : Lin(_F, E) — > M. given by p(w) — tr(pow). By restricting 
to the affine space Lin ld (F, E) we get affine functions p: Lin ld (_F, E) — ► IR explicitly 
given by 

P{4>) = tv{po(j)). 

The linear function p associated to the affine function p is obtained by restriction 
of p to Lm(F,K), that is, p(ip) = tv(p\ K o 

Obviously any linear map from Lin(F, E) to M is of the form p for a unique 
p. Also, every affine function is of the form p, but notice that there can be many 
elements p giving the same affine function. If p, q G Lin(.E, F) are such that p — 
q then p\x = q\x and tr(p — q) = 0, where p — q is to be understood as an 
endomorphism of F. 

Let us fix basis {e a } in F and {e a ,e a } in E, adapted to n, that is, such that 
7r(e a ) = e a and 7r(e Q ) = 0. Then we have the following expressions 

w = e b ® {yle a + y°e a ) w G Lin(F, E) 

P= {Ple b +p a a e a )®e a p G Lin(_E, F) 

<P = e a ®{e a + y«e a ) 0GLin id (F,S) 

4, = e a ®y2e a i>eLm(F,K), 



CLASSICAL FIELD THEORY ON LIE ALGEBROIDS 



11 



and the corresponding linear and affine functions are 

P = PbVl + PaVa and P=p a a + P^Va ■ 

The linear function associated to p is p = p^Ua- I n particular we have that ir e 
Lin(_E, F) and n — tr(id) = dimF is constant. From this expression it is clear that 
two elements p and q define the same affine function if and only if = and 
Pb ~ lb i s t race free. 

Vector bundles. We consider now two vector bundles t^: E — > M and rjy : F — > 
N and a surjective vector bundle map W: E — > F over the map 7r : M — > N, as it is 
shown in the diagram 

E^^F 

T M 

M—^N 

2L 

Moreover, we will assume that tt_ is a surjective submersion, so that tt_: M — > N is a 
smooth fiber bundle. By the symbol tt we mean the vector bundle map tt — (if, if). 
We will denote by K — > M the kernel of the map ir, which is a vector bundle 
over M. Given a point to G M, if we denote n = 7t(to), we have the following exact 
sequence 

— ► K m — > _E m — ► F„ — ► 0, 

and we can perform point by point similar constructions to those given above. 

We will use the notations £ m 7r = Lm(F n ,E m ), 3 m 7r = Lin ld (F„, E m ) and V m 7r = 
Lm(F n ,K m ), that is, 

L m ir — { w : F n — > _E m | w is linear } 

3m7T = { (j) G £j m lT \ WO(/) = id Fn } 

V m ir = { ip G £ m 7r | W o ip = } . 

Therefore £ m 7r is a vector space, V m n is a vector subspace of H m n and 3 m 7r is an 
affine subspace of L m ir modeled on the vector space is V m 7r. The dual vector space 
of <C m 7r is L^ir = Lin(_E m , F n ), that is, 

L* m ir = {p: E m — > F n \p linear } 

By taking the union, Zir = U meM ^m^, 3k = U meM 3m7r and Vtt = U meM V m 7r, 
we get the vector bundle 7Tio : &7T — > M, the vector subbundle 7Tio : Vtt — > M and 
the affine subbundle 7Tio : 07r — > M modeled on the vector bundle V7r. The vector 
bundle dual to Ln is L*ir = li me M&m n ~~ * M. We also consider the projection 
7TJ : ^7r — > N given by composition 7Ti = 7r o 7Tio- 

Every section £ Sec(X*7r) defines the fiberwise linear function 9 E C°°(£jTt) by 
6>(z) = tr(# TO o z), for z G Lit and where m = tt\q (z). Its restriction to #7r defines 
the affine function 6 G C°°(37r) by 

0(0) - tr(0 m o 0), 

for <j> G 07r and where to = 7[io (</>). 

Remark 7. In the standard case one has a bundle v. M — ► N and then considers 
the tangent spaces at to G M and n = i/(m) G TV together with the differential of 
the projection T m v: T m M — > T„iV. If we set 7r = (TV, j/), an element G # m 7r is a 
linear map <j>: T n N — ► T m M such that T m ^ o = idr„Ar- It follows that there exist 
sections <p of v such that ^(n) = to and T„<^ = 0. Thus, in the case of the tangent 
bundles t n : F = TN -> TV and t m : £ ee TM -> M with tt = (TV, i/), an element 
^ G m 7r can be identified with a 1-jet at the point to, i.e. an equivalence class of 
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sections which has the same value and same first derivative at the point to. With 
the standard notations we have that J 1 v = 07r. Obviously, this example leads 
our developments throughout this paper. o 

In view of this fact, an element of <J m 7r will be simply called a jet at the point 
to e M and accordingly the bundle #7r is said to be the first jet bundle of ir. 

Local coordinates on #7r are given as follows. We consider local coordinates (x l ) 
on N and (x z , u A ) on M adapted to the projection tt_, that is x l o tt_ = x l . We also 
consider local basis of sections {e a } of F and {e a , e Q } of E adapted to the projection 
W, that is ?Fo e Q = e a o n and 7f o e a — 0. In this way {e a } is a base of sections of K. 
An element w in £ m 7r is of the form w = (w b a eb + w"e a ) ® e a , and it is in Sm^ if 
and only if w h a = 6%, i.e. an element in 07r is of the form = (e Q + 4>Z^a) ® e a . If 
we set (0) = 0", we have adapted local coordinates (x l , m a , y") on 07r. Similarly, 
an element -0 S V m 7r is of the form ip = ip"e a <S> e°. If we set y" (i/i) = ip", we have 
adapted local coordinates (x l , u A , y%) on Vir. As usual, we use the same name for 
the coordinates in an affine bundle and in the vector bundle on which it is modeled. 
A section of L*ir is of the form — (8^(x)e b + 9^(x)e a ) <g>e a , and the affine function 
defined by 9 is 

§ = e a a (x) + e a a {x) y ^. 

Anchor. We now assume that the given vector bundles are anchored vector bun- 
dles, that is, we have two vector bundle maps pp' F — > TN and pe- E — > TM 
over the identity in TV and M respectively. 

We will assume that the map ir is admissible, that is dn*f = n*df, where on 
the left d stands for the exterior differential in E while on the right d stands for 
the exterior differential in F. Let us see what this condition means in terms of the 
components of the anchor. 

The anchor is determined by the differential of the coordinate functions dx 1 — 
p l a e a on F and dx 1 = p l a e a + p l a e a , du A — p A e a + p A e a on E. Applying the 
admissibility condition to the coordinates functions x % we get 

p\e a = n*(dx l ) = d^x 1 ) = dx 1 = p l a e a + p l a e a , 

where we have used that 7r*e a = e a . Therefore p l a = p l a (is a basic function) and 
p l a — 0. We have 



dx 1 = pl,e a and I A Pa A „ , A . 

1 du A = p A e a + p A e c 



and equivalently 



PF(e a ) = PaTr- and 



d A 

Q , I PE{e a ) =p' a —+ Pa . 




dx 1 ' I , N a d 

Pa 



1 dx 1 a du A 



du A ' 



with p l a = p l a (x), p A = p A (x, u) and p A -- 

The anchor allows to define the concept of total derivative of a function with 
respect to a section. Given a section a £ Sec(F), the total derivative of a function 

/ G C°°(M) with respect to a is the function df<E>a, i.e. the affine function 
associated to df ® a £ Sec(£*7r). In particular, the total derivative with respect to 
the element e a of the local basis of sections of F, will be denoted by f\ a . In this 
way, if a — a a e a then df ® a — j\ a o a ' , where the coordinate expression of /u is 
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In particular, for the coordinate functions we have x* a = p l a and u^ a = p£ + p^Uai 
so that the chain rule f\ a — §§iX\ a + ^r^jt applies. 

Notice that, for a basic function / (i.e. the pullback of a function in the base N) 
we have that f\ a = p l a §^i are just the (pullback of) components of df in the basis 

{',!• 

Bracket. Let us finally assume that we have Lie algebroid structures on : F — > 
TV and on : E — > M, and that the projection n is a morphism of Lie algcbroids. 
The kernel K of tt is a 7r-ideal, that is, the bracket of two projectable sections is 
projectable, and the bracket of a projectable section with a section of K is again a 
section of K. 

This can be locally seen in the vanishing of some structure functions. The 
morphism condition n*(d6) = d{-K*9) applied to the 1-forms 8 = e a gives 

n*(de a ) = tt* (-\c&> A A = - l -C a bc e b A e c 



that is 



d(ir*e a ) = -\cie h A e c — C^e b A e 7 — ^C%e h A e 7 , 



C a bc = C a hc C^ = and C%, = 0. 



It follows that C£ is a basic function and that the exterior differentials in F and 
E are determined by 

<ie" = --C^Ae c and <^ \ . , 

2 \ de a = ~\C£ c e b A e c — C 6 Q 7 e b A e 7 — A e 7 . 

Equivalently, we have the following expressions for the various brackets 

' [e a ,e b ] =C 7 fc e 7 + ^ b e c 
[e a ,e b ] = C c ab e c and I [e a , ep] = Cj /3 e 7 

k [e Q , e(3 ] = C , 2 /3 e 7 . 

Remark 8. It follows from our local calculations that one can avoid the extra bar 
in the notation as long as one is working with functions and sections of F* and E* , 
but one has to be careful when working with sections of F and E. More explicitly, 
one can omit the bar about coordinates x l and forms e a but we must use a bar when 
referring to the elements e a of the basis of sections of F, in order to distinguish it 
from the sections e a of E. In what follows we will omit the bar over the coordinates 
x % but to avoid any confusion we will explicitly distinguish e a and e OJ from e a and 
e a , respectively. o 

Affine structure functions. The structure functions can be combined to give 
some affine functions which contains part of the structure of Lie algebroid and that 
will naturally appear in our treatment of Lagrangian Field Theory. 
We define the affine functions and Z" c by 

= {d e ^)® e a and Z« c = {d e ^)~® e„. 

Explicitly, wc have 

Z a~t = Ca 7 + C| 7 yf and Z" c = C" c + Cp c y% . 

Indeed, 

(d^e a ) ® e a = i e , t (-^C£e 6 A e c - C&e h A e e - hc$ e eP A e< 
= (C^e b + C^e?) ® e a , 
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and thus 

ZZ, = + ® e a = C a ai + C%y a . 



Similarly 

(d ea e a ) ®e a = i ea (~C^ d e b A e d - C^ g e b A e e - l -C a ^e (i A <g> e a 
= (Cte b + C^) ® e„, 

and thus 

^ = (C£e b + ® e a = C£ + C| c yf. 

Notice that (d ey e b ) ® e a =0 and that (d ea e b ) ®e a = C h ac . For completeness we will 
sometimes write Z b c = C b c and Z h ai = 0. 

4. Repeated jets and second-order jets 

The equations for a (standard) classical Field Theory are generally second-order 
partial differential equations. In geometric terms, this equations determine a sub- 
manifold of the manifold of second-order jets, also called 2-jets. Therefore, we need 
to define the analog of a second-order jet in this generalized setting. In order to 
do that we follow the identification of a 2-jet with a holonomic repeated first-order 
jet (see Therefore, we need a Lie algebroid with base 07r (which will be just 

prolongations of 07r with respect to E) and a surjective morphism to F. Then 
we will consider jets for this morphism and we will select those who satisfy some 
holonomy condition. This holonomy condition is expressed in terms of the contact 
ideal, that will also be defined here. 

Prolongation of fin. We consider the _B-tangent bundle T e 3tt to the jet manifold 
Sir. Recall that the fibre of this bundle at the point (f> G 3 m 7r is 

T/37T = { (a, V) G E m x T^dir \ p{a) = T m (V) } . 

Local coordinates (x l ,u A ) on M and a local basis {e a , e a } of sections of E determine 
local coordinates (x'\u A ,y") on Q-k and a local basis {X a ,X Q ,V°} of sections of 
T e 3tt as was explained in section [3 Explicitly, those sections are given by 

d d 
X„(0) = {^e a (m),p l a —+p A -^- I ) 

d 

X Q (</>) = (<t>,e a (m),p A -^j) 
K(0) = (0,O m ,^). 

With this settings, an element Z = (0, a, V) G T E 2>it can be written as Z — a b Xb + 
a a X a + V"V^ l , and the components a and V has the local expression a = a b eb+a a e a 
and 

V = p (Z) = p b a — + (p b a +p a a )— + V a —. 

The brackets of the elements in that basis are 

[X a , Xf,] = C^Xc + Cj fc X 7 [X Q , X^] = C^X-y [X Q , X^] = c^x^ 
[X OJ V£]=0 [X a> V£]=0 [V^,V^]=0. 
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The dual basis is to be denoted {X a , X a , V"} and the exterior differential on T e 3tt 
is determined by the differential of the coordinate functions 

dx i = p l a X a 

du A = p A X a + p A X a 

and the differential of the elements of the basis 
dX a = -lc% c X b AX c 



2 



dX a = -^C£ c X b AT- C^X b AX 7 — ic^ 7 X /3 A X 7 
dVZ = 0. 

Finally, defining the map 7F10 = T-n w we have that the bundle map -k w = 
(ttio, ttio) is a surjective morphism from the Lie algebroid r E n : T e 3tt — > 3^ to the 
Lie algebroid rj| : E — > M. We will also consider the projection W[(<(>, a, V) = If (a), 
so that the bundle map 7Ti = (7fT, 7Ti) is a surjective morphism from the Lie algebroid 
t 3tt '■ 1~ e 3k 8n to the Lie algebroid t^: F — > N. Notice that -k\ is just the 
composition m — n o tt 10 . 

Repeated jets. Once we have defined the first jet manifold 07r, we can iterate the 
process by considering the Lie algebroids t^: F — > N and r E n : T E 3n — > 3n, the 
projection 7Ti 

T B 07r »- F 



3n - - AT 

and the set of jets of the above diagram which is the manifold fibred over 07r. 
An element tp of 07T1 at the point <f> E 3n is thus a linear map ip: F n T E 3^ such 
that 7fT o tjj — idF n , where n = m {(j>). Let us see the explicit form of ip. 

Proposition 9. An element ip E 3^1 is of the form {<p, (, V) for (f>, ( E 3^ with 
7Tio (<f>) = 7Tiq (C) an d V: F ni ^ — > T0tJ7r a linear map satisfying TYio oV = /)eo(. 

Proof. Indeed, -0 is a linear map ip: F n ^ T E 3n, so that it is of the form ip(b) = 
(</>, £(&), V(b)) for some linear maps £ : F„ — > _E m and V : F„ — > T^Sn. The condition 
WToip = idir n is just 7f(C(6)) = 6, for every b E F n , i.e. 7fo£ = idir n , which is just to 
say that £ is an element of 07r. Moreover, ^(6) is an element of T e 3tt, so that we 
have T7Tio(V(6)) = pE(((b)), for every 6 <E F n . In other words T ttxq qV = pe°(- □ 

Local coordinates (x^u' 4 ) and a local base of sections {e a ,e a } as before, pro- 
vide natural local coordinates for 3^i- The three components of an element ip = 
(</>, C, V) € 07Ti are locally of the form 

<t>= (e a + y"e Q )®e a , C = (e„ + e «) ® e a , 

and 

Therefore, (x* , u A , , z" , y£j are local coordinates for -0. In terms of this coordi- 
nates and the associated local basis of T E 3n we have the local expression 

^ = (X a + z^X a +y^ a V b a )^e a . 
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Contact forms. Contact forms are 1-forms on T e 3tt which satishes a property of 
verticality, as it is explained in what follows. A jet <p G 8m^, being a splitting of 
an exact sequence, determines two complementary projectors : E m — ► E m and 
given by 

h^>(a) = (p(W(a)) and v^a) = a — (p(T(a)). 

An element Z = ((f), a, V) G T e 3tt is said to be horizontal if a is horizontal with 
respect to </>, that is, v ( p(a) = 0. In coordinates a horizontal clement is of the form 

Z = a b (X b \ 4> +y^\ rt> ) + VfV b 3 \ 4> , 

where y" are the coordinates of <p. Let (T E 3n)* the vector bundle dual to T E dir. 
An element u G (T e 3tt)* is said to be vertical if it vanishes on every horizontal 
element at (p. It follows that a vertical element is of the form a — fi a (X a \ ( f ) ~ y"X a \^), 
where y" are the coordinates of (p. 

A contact 1-form is a section of (T e 3-k)* which is vertical at every point. It 
follows that it is a semibasic form and that the set of contact 1-forms is spanned 
by the forms 9 a = X a - y£X a . 

Every contact 1-form can be obtained as follows. Given a section a of n w * (E*) (a 
section of E* along -k w ) wc define the contact 1-form a by means of (a, ((p, a, V)} = 
(a^v^a)), for (<f),a,V) G 3n. 

The f\ (T £ 37r)-module generated by contact 1-forms is said to be the contact 
module and will be denoted by M c . Since T E 3^ is a Lie algebroid, we have a 
differential on it, and we can consider the differential ideal generated by contact 
1-forms. This ideal is said to be the contact ideal and will be denoted l c . The 
contact ideal and the contact module are different (as sets) , that is the contact ideal 
IS not generated by contact 1-forms. Indeed, an easy calculation shows that 

de a + ^c^e? a en + z^x b a en = 

= X a A V a a + \ [y a a C a hc - C%ylyl - C&2 + C^ b + C&) X b A X c , 
which cannot be written in the form A 

Second-order jets. We define here the analog of the second order jet bundle as 
a submanifold of the repeated first jet bundle, in the same way as in the stan- 
dard theory the manifold J 2 v can be considered as the submanifold of J 1 (J 1 ^) of 
holonomic jets. 

Definition 10. A jet tp G 84,^1 is said to be semiholonomic iftp*9 = for every 
element 9 in the contact module M c at (p. The set of all semiholonomic jets will be 
denoted 8^1, that is, 

3tti = { tp G 8^1 I ip*0 = for every 9 G M c } . 

Proposition 11. An element tp G S^i is semiholonomic if and only if it is of the 
form tp — (<f), <p, V). In other words if and only if it satisfies Tttio o tp — r E ^(tp). 

Proof. Indeed, this is equivalent to o £ — which implies £ — (p. A proof in 
coordinates is as follows. If the coordinates of (p are (x t ,u A 7 y"), and the local 
expression of tp € 84,^1 is tp = (X a + z^X a + y ba V b a ) ® e a , then 

tp*9 a = r(% a - y a a ^ a ) = (z° - y a a )e a , 

so that tp*9 a = if and only if z™ — y" which is equivalent to (p = (. □ 
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In the local coordinate system {x l , u A , y%, z°, y" b ) on 3^i, the coordinates of 
a semiholonomic jet are of the form (x l ,u A ,y",y",y" b ), and thus the set 0771 of 
scmiholonomic jets is a submanifold of S^i in which we have local coordinates 
{x\u A ,y«,y2 b ). 

Definition 12. A jet ip g 3<t>^i is said to be holonomic if ip*8 — for every 
element 9 in the contact ideal 3 C at <f>. The set of all holonomic jets will be denoted 
3 2 ir, that is, 

fn= {ij e 0771 \ip*6 = Q for every 6 £ l c } . 

Holonomic jets play the role of second-order jets in the case of the standard 
theory of jet bundles, and we frequently refer to a holonomic jet as a second order 
jet or simply as a 2-jet. 

From the definition it follows that a holonomic jet is necessarily semiholonomic, 
but notice that not every semiholonomic jet is holonomic. 

Proposition 13. A semiholonomic jet ip is holonomic if its coordinates satisfy the 
equations M" h = 0, where the local functions M" fc are defined by 

Kb = vl, - Via + <M - C>£ - Cl p y a a yl + y^ + CT ab . 
Proof. Indeed, from the above expression of d6 a we have 

i>*d6 a = A V% + \ {y a a C a bc - C%$vl - C^yl + C^yl + C b Q c ) X h A X c ) 

- \ (Vbc ~ Vcb + VaC a hc - C% V lvl - C^yl + C%yl + C? c ) e b A e c 
= \ut c e b A e c 

from where the result immediately follows. □ 

Remark 14. The above condition is to be interpreted point by point. That is, we 
take the value of any contact form at the point (j> and then take the pullback. We 
did not write explicitly the point <f> in order to simplify the reading of the formulas. 

The condition M bc = admits a geometrical interpretation as the condition for 
-0 to be the jet of a morphism of Lie algebroids (see sectional). Therefore we refer 
to it as the infinitesimal morphism condition. o 

Remark 15. In the standard case where E — TM and F = TN with coordinate 
basis of vectorfields the above conditions reduce to ufj = Uj- , which is the pointwise 

condition for the matrix «4 to be the Hessian of some functions u A . o 

l j 

From the above proposition we see that 3 2 77 is a submanifold of 077i and that 
local coordinates for 2 7r are (x l , u A , y%, y" b ) for a < b. The coordinates y^ b for 
a > b are determined by the equations M" 6 = 0. 

5. MORPHISMS AND ADMISSIBLE MAPS 

By a section of 77 we mean a vector bundle map $ such that 77 o $ = id, which 
explicitly means 770$ = id at and 770$ = id^ (In other words we consider only linear 
sections of 77). The set of sections of 77 will be denoted by Sec(77). The set of those 
sections of 77 which are admissible as a map between anchored vector bundles will be 
denoted by Sec adm (7r), and the set of those sections of 77 which are a morphism of Lie 
algebroids will be denoted by M(tt). Clearly Sec(Tr) C Sec adm (77) C M(tt). We will 
find in this section local conditions for a section to be an admissible map between 
anchored vector bundles and local conditions for a section to be a morphism of Lie 
algebroids. 
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Taking adapted local coordinates (x l ,u A ) on M, the map $ has the expression 
= (x l , <j> A (x)). If we moreover take an adapted basis {e a , e a } of local sections 
of E, then the expression of <& is given by $(e a ) = e a + <p"e a , so that the map <3? 
is determined by the functions (<j) A (x) , (f>" (x)) locally defined on N. The pullback 
of the coordinate functions is <&*x l = x % and <fr*u A — <p A and the pullback of dual 
basis is $*e a = e a , and $*e" = 4>%e a 

Let us see what the admissibility condition = d(&*f) means for this 

maps. As before, we impose this condition to the coordinate functions. Taking 
/ = x % we get an identity (i.e. no new condition arises), and taking / = u A we get 

d<f> A = d(^u A ) = <$>*{du A ) = $*(p A e a + p A e a ) = \{p A o $) + (p A o e a , 

from where we get that <f> is an admissible map if and only if 

p^ = (p^o$) + (^o$)c. 

In order to simplify the writing, we can omit the composition with J>, since we 
know that this is an equation to be satisfied at the point m = $(n) = (x l , (f> A (x)) 
for every n G N. (This is but the usual practice). With this convention, the above 
equation is written as 

p i ^- = p A + p A y<* 
8x { raVa- 

Let us now see what the condition of being a morphism means in coordinates. 
If we impose <fr*de a = rf$*e a we get an identity, so that we just have to impose 
Q*de a = d&*e a . On one hand we have 

d($*e«) = rf(Ce a ) = \ (V 6 |f pi^r - CQc) A e c 

and on the other hand 

$*d(e a ) = -** Qc^e" A e< - C^e b Ae 1 - X -C« c e h A e c ^j 

= -\ (Cfrtfft + C^l - C^l - C&) e» A e c 
Thus, the bundle map $ is a morphism if and only if it satisfies 

in addition to the admissibility condition. As before, in this equation is to be 
satisfied at every point m = J>(n) in the image of $. 

Taking into account our notation f\ a = p l a -§§i for a function / G C°°{N) we can 
write the above expressions as 

Uf a =Pa+ P A VZ 
Vc\b Vb\c ' °67i/c ^cjVb ' ^ 13-fVb Vc Va^bc ~ ^bc- 

where we recall that this equations are to be satisfied at every point m = $(n). 
Notice the similarity between the above expression and the infinitesimal morphism 
condition M" c = 0. The following subsections will make clear this relation. 

Remark 16. In the standard case where E = TM and F — TN with coordinate 
basis of vectorfields the above morphism conditions reduce to 

V A -^ and d jt- 8 jl 

Vl ~ dx- dxi dx- ■ 

It follows that every admissible map is a morphism, and moreover is the tangent 
map of a section of v. Therefore, in the standard case, by considering morphisms 
we are just considering 1-jet prolongation of sections of the base bundle. o 
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Sections of ttj_. At this point we want to make clear the equivalence between 
sections of m : 07r — > A and vector bundle maps which are sections of n. 

Indeed, let <& £ Sec(7r) be a section of ir. For every point n £ N, the restriction 
of $ to the fibre F n is a map from F n to the fibre E m , where m = $(n). This map 
<&„ = &\ p : F n — > _E m satisfies 7f o = id ^ and thus <3? n € 3ml" • I n this way, we 

have defined a map A — > #7r given by <&(n) = The map $ is a section of 
7Ti ; indeed, for every n £ N, 

(tti o $)(n) = 7Ti(¥(n)) = 7T (71-10 (¥„)) = 2E(m) = n. 

Conversely, given a section \I> : AT — > 07r of jri, we define the map J> : A — > M 
by $ = Trio o <]>. Thus $ is a section of n and for every n £ A we have that 
\£(n) G 3$(„)7r. Therefore \£(n), being a jet, is a map $?(n): F„ — > i?$(„) such that 
7r o $ = idir n - Consider now the map $: F — > £" given by $(6) = \I/(n)(&) for every 
b £ F, where n = r^(b). In this way we have that $ = ($,$) is a linear bundle 
map and 

(tto*)(6) =7f(*(n)(6)) = 6 
for every b £ F and where n = T^(b), so that $ is a section of 7r. By construction, 
it is clear that $| = *(n) for every n £ N, so that $ = ^P. Thus we have proved 
the following result. 

Proposition 17. There is a one to one correspondence between the set Sec(7r) of 
vector bundle maps which are sections of n and the set of sections of m. 

Moreover, $ is a fibred map over $, i.e. ttiq o $ = $. We will denote by $ the 

bundle map l> = ($, J>) (from the bundle id: A — > A to the bundle 7Tio : 07r — ► M). 

The above equivalence is important since we will look for equations to be satisfied 
by a vector bundle map $, and this will be reformulated as an equation on 07r, which 
is to be satisfied by the associated map $. Moreover, we will impose to $ to be a 
morphism of Lie algebroids, so that we need a condition expressed in terms of jets 
equivalent to the admissibility and the morphism condition. 

Jet prolongation of sections of tt. Let $ = (<&,$) be a section of n which 
is admissible as a map between anchored vector bundles, i.e. $ £ Sec adm (7r), 
and we consider the associated map $ : A — > 3^ of w± . Since the base map of 
both <E> and $ is $ and $ is admissible, we can construct the prolongation map 
T ¥ $: F = T F N T E 3ir, and hence the bundle map = r*$ = (T ¥ $,f) 
from t^j : F — > A to Tg n : T e 3k — > 37r. This map is a section of 7Ti and moreover it 
is admissible e Sec adm (7Ti). The section of (7Ti)i : 3^i A associated to 
will be denoted . 

Definition 18. TTie map is said to be the first jet prolongation of $, and 

the section <I> (1) is said to be the first jet prolongation of the section $. 

Proposition 19. For every admissible section $ £ Sec adm (7r) the section is 
semiholonomic. 

Proof. Indeed, the explicit expression of is 

= T*t{n,b,p F (b)) - (&(n),*(b),T&(p F (b))) - ($„,*„(&), T$(p F (6))). 

so that $ (1) (n) = (<!>„, 3>„, T$ o p F ) is semiholonomic for every n £ A. □ 

In local coordinates (x l ,u A , y", z" 7 y" b ) in 3tti, if the expression of $ is $(x) = 
(a;*, <j) A , <p"), then the expression of is = (a;*, (f> A , <f>", <f>%, <$L). Indeed, 



20 



EDUARDO MARTINEZ 



from the general expression of the prolongation of a map with respect to a morphism 
we have 

$( i)* X a = (7-*$)*x a = e a 

so that 

which is equivalent to the above coordinate expression. 

From this local result we see that, if $ is an admissible section of ir, then $ is a 
morphism if and only if is holonomic, i.e. takes values in J 2 7r. In the following 
subsection we will perform a more detailed study of this fact. 



Morphisms and holonomic jets. The equations for a classical Field Theory 
as they arise from variational calculus are equations for a morphism of Lie alge- 
broids 07] ■ On the other hand, the equations that we are going to set are equations 
for jets. Therefore, it is necessary to find conditions that select jets of morphism 
among the set of jet of general maps. In this section we will find such condition in 
terms of holonomy. 

Proposition 20. Let 'J G Sec(-7ri) be such that the associated map \& is a semi- 
holonomic section and let $ be the section of ~K\ to which it projects. Then 

(1) The bundle map \I/ is admissible if and only if is admissible and 4" = 

(2) The bundle map ^ is a morphism of Lie algebroids if and only if "J = 
and $ is a morphism of Lie algebroids. 

Proof. In local adapted coordinates (x l , u A , y" , z% , y" b ) on 3^1 we have that the 
section ^ associated to * is ^(x) = (x 1 , <j) A (x), 4>a(x), ip@ , %p ba ) so that the action 
of 'J by pullback is 

V*x' = x l **X a = e a 

Let us see the conditions for to be an admissible map between anchored 
bundles. We impose ^f*df = d^>* f for the coordinate functions. For / = x % we get 
an identity. For / = u A we have 



**du A - d^u A = ^( P A x a + P ix a ) - d<t> A = ^ + pir a p\^- 

Finally for f = y b we have 



e . 




Therefore, the map \& is admissible if and only if 

( a ) <t>f a = Pa+p£'>P2, and 

(b) <pL = ^L- 
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We now impose ty*dO = d^*9 for 9 an element in the dual basis {X a , X* 9 , v£ }. 
For 9 — X a we get an identity. For 9 = X Q we have 

y*dX a = ^-Ic^X" A X 7 — C h Q 7 X fc A X 7 — ic b Q c X b A X c ^) 

= ~\ (C&^W + C^l - C^l - C fe Q c ) e b A e c , 

and 

d**X« = d(Ce a ) = -\ [p^ - Pl^r + CQ") e" A e c . 

Finally, for 9 = V^ = dy^ we also get an identity 

d^*V% - **dV£ = d$*dy% = dd^*y* = 0, 

provided that the admissibility conditions hold. 

Therefore, \P is a morphism if and only if in addition to (a) and (b) it satisfies 
the equation 

(c) k\ c - k\ b - - c^r c + c« P 4 + r a c a bc + c? c = o. 

Let us consider a semiholonomic section *£', so that tp" = <j>". Then the above 
condition (a) reads <f>^ = Pa+Pa&a which is but the admissibility conditions for the 
map $, and condition (b) reads <j>^ a = ip^ a , which is just expressing that \& = <I> (1) . 
This proves the first statement. 

Moreover, the section ^ is a morphism if it is admissible, and therefore it is of 
the form = for $ admissible, and in addition it satisfies condition (c) which 
is just expressing that the admissible map $ is a morphism. This proves the second 
statement. □ 



Obviously the relation between ^> and $ is by projection (both projections): 
T 7Tio o *(n) = = (7ri)io(*(ra)) for all n e N. 

Corollary 21. Let $ be an admissible section of it. Then $ is a morphism of Lie 
algebroids if and only is holonomic 

Proof. Notice first that, by the above proposition, if $ is admissible then = 
is semiholonomic and admissible, i.e. satisfies conditions (a) y (b) in the proof of 
the theorem. The result follows by noticing that <& (1) is holonomic if and only if 
M" b = 0, which is just condition (c). □ 



6. The Lagrangian formalism 

We consider a Lagrangian function L e C°°(3n) and a fixed nowhere- vanishing 
form u> € f\ F of maximal degree r = rank(_F), to which we refer as the volume 
form. We will denote by Co = tt*uj the pullback of the volume form to T e $it by 
the projection m. The product L = Lib 6 /\ r T e 3tt will be called the Lagrangian 
density. 

We will define in this section the Cartan forms associated to the Lagrangian and, 
in terms of them, we will get a system of partial differential equations which will 
be called the Euler-Lagrange partial differential equations. In order to do that we 
will consider the analogs of the the vertical lifting and the vertical endomorphism 
in the standard theory. 
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Vertical lifting. The bundle #7r being affinc has a well defined vertical lifting map. 
If <t> S 3 m 7r then we have a map X : V m n — > T^Sn, given by 



t=0 



for every function / £ C°°(37r). Moreover, in the special case of 07T, we have 
some additional structure. Indeed, an element <j> is but a splitting of an exact 
sequence, and we have the associated vertical projector : E m — ► K m C £7 m given 
by tv>(a) = a — 4>(n(a)). This allows to extend the vertical lifting operation to 
elements <p £ £ m 7r, by (v$ o <p)^, which is well defined because lm(v^,) C K m . 

Definition 22. The map £ y : -ir w *(flir) — > T E 2ir given 6?/ 

= fa, 0,(«* <>¥>)£)■ 
zs said to be the vertical lifting map. 

In coordinates, if (f> = (e a + !/"e a ) <8> e a and 93 = (<p„e(, + ^>Z, e a) ® e a then 
v+ = e a ® (e Q - y«e a ) and ^ W>, ¥>) = fa? - y?^)VJ. 

This construction will be generally used in the case of a map tp of the form 
<p = b (g> A, with 6 £ Em and X e F n . In such case 

and its coordinate expression is 6 ® A) = A a (6" — 6 C )V^. 

Vertical endomorphism. Given a section i/ £ Sec(.F*) we can define a linear 
map S v : T e 3tt — > T E 3n, known as the vertical endomorphism, by means of 
projection and vertical lifting. If Z = (0, a, V) £ T E 3n then 

S„(Z) = e v (0,o®i/ n ) ) 

where m = 7Tio(^>) and n = 7r(m). 

From this expression it is clear that S u depends linearly in v, a fact which helps 
to find the coordinate expression of S v . If v = v a e a and we denote S a = S S a then 
S u = v a S a and 

S a (X b (cf>)) = S a (cf>, e b , pl-^- + pi-^) = v4e b ) ® e°) 

= -y?£ v (&e a ®e°) = -yra0), 

^(X^)) = 5 a (0, e/3 ,p^) = £ v (4>,V4(efi) ® e a ) = V£(<£) 

and 

S°(V£(0)) = S O (0,O,^ = ^ ( ^ 0) = 

Thus the coordinate expression of S 10 is 5° = (X" — y£* X b ) ® = # Q ®V^, where we 
the expression of the vertical endomorphism is 



recall that 9 a — X" — i/?X b arc the elements of a basis of contact 1-forms. Therefore 



S = 6 a ®e a ®V a a . 

As usual we will denote the r-form obtained by contraction (of the second 
tensorial factor) with the volume form cj. In coordinates 

S u = e a Aw a ®V a a . 
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Cartan forms. With the help of the vertical endomorphism we define the La- 
grangian multimomentum r-form 6^ e /\ r T E 3ir by 

G L = S„{dL)+Lw, 
which in local coordinates reads 

6l = jr^O a Auj a + Llu. 

By taking the differential of the multimomentum form we have the Lagrangian 
multisymplectic (r + I) -form fl^ = —dQ^- In coordinates we have 



d 2 L d 2 L dL ■ 

< P 1 ~ {U.IF^.bH + ^,a°/37 



dy p a du B ^ dyjdu*^ dy« 

d 2 L , R R flx 8 2 L , dL , dL m dL 



o2 T 

A^Aw a + — — -gO a AVf AuJ a 



dy%du B (P " + P P y ^ + dy«cV P * a + dy» C *° 9y2 ^ 8u A P '<* 



A w. 



Euler- Lagrange equations. By a solution of the Hamiltonian system defined by 
a Lagrangian L we mean a morphism $ : F — > _E such that its prolongation satisfies 
the equation 

$ (1 '*(z x f! L ) = 0, 

for every section X of T e 3tt vertical over F. The above equations are said to 
be the Euler-Lagrange equations for the Lagrangian L. We will obtain in this 
section the local expression of this equations and the system of partial differential 
equations which defines. 

We will start from a slightly more general point of view and we will look for 
sections ^ of iri such that they satisfy the so called De Donder equations, 

**(*xfi L ) = 0, 

for every section X of T E dir vertical over F. Later on we will impose that $ is 
admissible and finally a morphism. 

Since is a section of ir\ it has an associated section $ G Sec(7r), such that 

¥ = In coordinates * is of the form * = (X a + V>„ 1 a + ip^ a V b g) ® e a and the 
base map $ is of the form <J>(x) = (x l , <p A (x), (j)"(x)). Therefore we have 

- x i **X a = e a 

■q>*u A = <f> A V*X = ^e a 

Taking X = V 1 ^ in the De Donder equations we get 

d 2 L 

ix^L = -- — — A uj a 



and thus 



**( ix fi L ) = --^(^-^)A W 



which vanishes if and only if 

8 2 L 



,„ ? (C-C) = o. 

We will say that the Lagrangian is regular if the linear map i— ► - ^f* ^ g" 
is regular at every point. In the case of a regular Lagrangian the solution of the 
above equation is just tp" — 0" ; that i s * ^ s semiholonomic. On the other hand, if 
the section <]/ is semiholonomic, the above conditions are always satisfied, that is 
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Proposition 23. If is a semiholonomic section then ^*(ix^l) = for every 
section X ofT E dir vertical over E. 

In general we will be treating with singular Lagrangians. Therefore, in what 
follows we will consider only semiholonomic sections. 



Taking now X = X a we obtain 



ix^L = = 7; 
and thus 

9*(i x n L ) 



d 2 L 
dy%du B 

d 2 L 



dy%du l 



d 2 L 
dyadu' 



dL_ 7 



8^ A i 



o 2 l 

dygdx- 



Pa 



d 2 L 

dy%dy f b 



dL b dL 

dyg ba dyl aa 



Vf A io a + 



du A 



d 2 L 



P^ba 



d 2 L 

dy^du 1 



r{ P B a 



p b €) + 

+ dy2 Cba 



d 2 L 

dy%dx 
dL 



■Pa 



Z 1 
dyl aa 



dL 

du A 



Pa 



so that the coefficients ip ba must satisfy 



d 2 L 



d 2 L 
dy%du B 



(Pa+P B ^) + 



d 2 L 
dy^dx 



Pa' 



dL 



hn 



dL . 
dyl aa 



dL 
du A 



Po 



0. 



In addition to this equations we have the admissibility condition. As a conse- 
quence of proposition |201 if is semiholonomic and admissible, then W = <I> (1) with 
$ admissible. Thus 



Pi 



p£€ 



and 



b\a ^ba' 



so that the first three terms in the above equation are but the expression of the 
total derivative of dL/dy", so that we finally get 



dL 



dL 

dyl 



Cb 
ba 



dL_ 

dyl aa 



dL 
du A 



Pa=0- 



If we finally impose that 'J is not only admissible but a morphism (i.e. $ is a 
morphism) we get the system of partial differential equations 



du A 



Pa 



dx % 



= pi 



p£y a a 



Pa 



dx l 



{Vab 



CLyZ) 



dL 

dyZ 



dL 



CO 
ba 



dL 



c:^y p b +y2C r ab 



71 
7 fl oa 



dL 

du A 



Pa=0, 



|a dyf L Da dyl 
which are said to be the Euler-Lagrange partial differential equations. 



Alternative expression of and the Euler-Lagrange form. If we introduce 
the forms 9 b = V b — yf a X a , which are forms on T E 3 2 n, then the pullback of Ql to 
T B 3 2 7r is (we omit the pullback in the notation) 



0/ 



d 2 L 



dyidu* 9 " 1 dylduB 
d 2 L a d 2 L 



d 2 L 



dy%dy, 



pVba 



dy^du 1 



{P U 



Qya^fh 



■Phi) 



6 P A 7 A uj a 



d 2 L 



l a A e$ A u a + 



d 2 L 



dy^dx 



Pa 



dL 

dyZ 



Cb 
lu, 



dL 

dyl aa 



dL 

du A 



Pa 



V Auj. 
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and the last term is the Euler-Lagrange (r + l)-form 




du A 



dL 




f Aw. 



The Euler-Lagrange equations can be written as 5L = 0, which define a subset (a 
submanifold under some regularity conditions) of 8 2 ^ on which the jet prolongation 
<i> (1) of a solution $ has to take value. 



In this section we will show that, in the case F = TN, our formalism ad- 
mits a variational description, i.e. the Euler-Lagrange equations obtained by the 
multisymplectic formalism are the equations for critical sections of a constrained 
variational problem (47) . 

Variational problem. We consider the following variational problem: Given a 
Lagrangian function L G C°°(3tt) and a volume form uj on N, find the critical 
points of the action functional 



defined on the set of morphisms sections of tt, that is, on the set M(7r). 

The above variational problem is a constrained problem, not only because the 
condition tt o $ = id^?, which can be easily solved, but because we are restricting 
$ to be a morphism of Lie algebroids, which is a condition on the derivatives of 
We will explicitly find some curves in the space of morphisms which will allow us 
to get the equations satisfied by the critical sections. 

In order to use all our geometric machinery, we will reformulate the variational 
problem. If we consider the Lagrangian density £ = Lu> e f\ T e 3tt, then we have 
that 



Indeed, the base map of is $ so that we have = Lo$. Moreover, since 

is a section of 7Ti, we have that $ (1) *d> — uj. Therefore we can write the action 



On the other hand, since the difference between £ and &l is a contact form 
and <1> (1) is semiholonomic, we have that $ (1) *£ = $ (1) *0l- Therefore the action 
functional can be rewritten as 



Jn 

In order to find admissible variations we consider sections of E and the associated 
flow. With the help of this flow we can transform morphisms of Lie algebroids into 
morphisms of Lie algebroids as it is explained in the next subsection. 

Jet prolongation of maps and sections. In this subsection we return momen- 
tarily to the general case of a general Lie algebroid F. 

Consider a vector bundle map if? = ("J - , from E to E which induces the identity 
in F, that is tt o = tt, or explicitly tt o = tt and tt o = tt. The map ^ induces 
a map between jets ^ : 07r — » 07r by composition, ^(0) = \P o(j>. The map ^ is well 
defined since tt o = 7fo\[ro<^ = 7ro<^ = id, that is, the image of ^ is in #7r. 

Moreover, is a fiberwise affine map over the map Thus we have the affine 
bundle map ^ — from tt\q : 3tt — > M to itself. By tangent prolongation we 

have the bundle map = T** from Tg v : T e 3tt — ► 3tt to itself which will be 
called the jet-prolongation of 5*. 



7. Variational Calculus 




(Io$)w = $ (1) *£. 



as = 
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Proposition 24. Let $ = (<£>, $) be a section ofir and 4" a vector bundle map over 
the identity in F. We consider the transformed map $' =*to$, i.e. = \& o $ 
and = * ° I%en 

(1) XTie maps 4> and associated to $ and <J>' are related by $' = ^ o 

(2) TTie j'e£ prolongation o/$ and o/ <!>' are related by <I>' (1) = o 

Proof. Indeed, the base maps are $' = j£ o $, and for every n E N, 

—i —, _ — — — 

$ (n) = $ n = * o $ n = * o ($(n)) = *($(n)), 

which proves the first. For the second we have 

$ /d) = 7-*'^' = 7-*o*^, Q ^ _ -7-*^ Q 7-*^ _ ^(i) Q $( i)^ 

where we have used the composition property for .©-tangent prolongations. □ 

We will say that a section a of E is 7r-vertical if it projects to the zero section 
on F, that is 7f o a — 0. Let a be a 7r-vertical section of E, and consider the flow 
vl/ s = (* s , * s ) of a. We recall that £ s is the flow of the vector field p(a). 

The associated map ^f s is a flow on the manifold 07r and we denote by X a G 
X(3tt) its infinitesimal generator. It follows that T ttiq o X a = p(a) o it w and thus 
for every m 6 M and every € 3 m 7r we have that (</>, ct(to), X CT (0)) is an element of 
T E 3n at the point <f>. Therefore we have defined a section <r (1) € Sec(T B £f7r) given 
by 

a (1) (0) = (^a(m),^(0)), 

where to = 7Tiq (0). This section is said to be the jet-prolongation of a 6 Sec(-E) 
or the complete lift to 07r of the section c. 

Proposition 25. T/ie /irsi jet prolongation of a it-vertical section satisfies the 
following properties 

(1) The jet prolongation er (1) of a is projectable and projects to a. 

(2) The jet prolongation er (1) of a preserves the contact ideal, that is, if 9 is a 
contact form then d CT (i)# is a contact form. 

(3) The jet prolongation a {1) of a is the only section of T e 3tt which satisfies 
the above two properties 0) and 0). 

(4) The flow of the jet prolongation er (1) is , where ^ s is the flow of the 
section a . 

(5) If the local expression of the section a is a — a a e a , then the local expression 
of the the jet prolongation of a is 

a w = a * Xa + (&f a + 

Proof. Property is obvious from the definition of er (1) and property Q follows 
from proposition [BJ 

To prove (J2J we notice that if 4" is a bundle map and if (3 is a section of E* and 
$ is the associated contact form then \P (1) */3 = W*/3, the contact form associated 
to **/3. Then © follows since the flow of cr (1) is ^f, 1 '. 

In local coordinates, from property (QJ we have that a {1) has the form cr (1) = 
a a X a + cr"V^,, for some functions a™. Then taking the Lie derivative of a contact 
form 9 a — X a — ?/" X a we get 

d aW e a = i a wd0 a + di aW a 

= C^a'eP + Z^a'X a - <X a + da a 
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which is a contact form if and only if er" = a? a + Z^a 1 ' . This proves (JSJ). Finally, 
property follows from the above coordinate expression. □ 

Proposition 26. If f e C°°(7V) then (fa) {1) = fa {1) + (df <g> a) v . 

Proof. Both (fa) {1) and fa {1) project to fa, so that they differ in a vertical section 
V = (fa) n) — fa (1) . From the coordinate expression of a (1) we have that V = 
/jaC^V^, which is but the local expression of (df <E) cr) v . □ 

Remark 27. In more generality, one can define the complete lift of any section 
a of E which is projectable to a section a of F, not necessarily the zero section. 
Indeed, we just need to define the flow of the vectorfield p 1 (a {1) ). The flow <3> s of 
the section a projects to the flow Q s of the section (7, that is 7r o $f a = $ s o ir. Then 
we can define the maps 3^ s '■ — > 8ft by means of 3^ s(4>) — ^ s o <f> o $_ s . This 
maps define a local flow on the manifold 07r whose infinitesimal generator is (by 
definition) the vectorfield p 1 (a (1> ). 

Even more generally, one can define the complete lift of a nonprojectable section 
cr of E by imposing the first two conditions in proposition 1251 We will not study 
such constructions in this paper since we will not need it. o 

Equations for critical sections. Going back to our variational problem for F — 
TN, let $ be a critical point of S. An admissible variation of <E> is but a curve M(7r) 
starting at that is a map s i— > $ s such that $ s is (for every fixed s) a section 
of 7T and a morphism of Lie algebroids. To find one of such curves we consider 
a 7r-vertical section a of E (thus its flow \& s : E — > _E projects to the identity in 
F = TN) with compact support. It follows that, for every fixed s, the bundle map 
$ s = o $ is a section of ir and a morphism of Lie algebroids, that is, s i— > $ s is 
a curve in M(7r). Thus we have that 




where we have used that = ^ ( s r> o and that , 3><, 1) is the flow of the jet 
prolongation ct (1) of the section a. 

Using that d CT (i) — od+doi a{1) we have that d a (x> &l = i a W dOj,+ete CT (i) Ql = 
— i CT (i)Oz, + di a {i)Q L , so that 

0= / $ (1) X(D0L = - / / $ (1) ^ (1) e L . 

JN JN JN 

The second term vanishes; indeed Ol is semibasic, so that i ff (i)9i depends only on 
the values of a, not on their derivatives, and since a has compact support we have 
that 

/ $ (1) *^ (1) e L = / d[$ (1) % (1) e L ] = 0. 

JN JN 

Therefore we get 

JN 

We now prove that this implies d?' 1 '**^)^ = for every a. Indeed, if we take the 
section fa, for / e C~(iV), then (/cr) (1 » = fa (1) + (df ® cr) y , so that 

$ (1) * l(/CT)(1 ,r! L = /$ (1) ^ CT(1 ,r! L + $ (1) * l(d/8(T) vO L . 
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But <E> (1) is semiholonomic and (df <g> <j) v is vertical, so that by proposition 1231 wc 
have (& {1) *i(j ts , IT \vQT = 0. Therefore 



A i A a 
Pa + PaVa 



0= I ¥^i (fa)W n L = f f[^*t aW n L ], 

Jn Jn 
for every function / £ C°°(N). From the fundamental theorem of the Calculus of 
Variations we get that $ (1 '*i .(i)f2j, = for every a. 

Finally we show that this condition is equivalent to <£> (1) *ix^L = for every 
7Ti-vertical section X of T E 2iv. Indeed, the above equation is tensorial in X, so 
that it is equivalent to the same condition for projectable sections X. But a if X 
is projectable and projects to er, then X = cr (1) + V for some vertical section. Thus 
= ^ (1) *Vd)^L + ^ (1) *iv^L, but the last term vanishes because V is 
vertical and is semiholonomic. 

Therefore, in the case of a tangent bundle F — TN with the standard Lie 
algebroid structure, we have proved that 

Theorem 28. The following conditions are equivalent: 

(1) A morphism $ is a critical section of S. 

(2) In local coordinates such that the volume form is uj = dx 1 A • • • A dx r and 
Pa = the components y" of a vector bundle map $ £ Sec(7r) satisfy the 
system of partial differential equations 

du A 

dx a 
r)u a Bii a 

Q x b ~ Q x a + ^bjVa ~ L 'ajVb + ° B-yVb Va + ^ ab ~ U 

dx a \dy2J dyl aa du APa ' 

(3) A morphism 4> satisfies the Euler- Lagrange equations ^> (1)ir ix^L — 0, for 
every ~K\-vertical section X. 

Proof. The equivalence of (1) and (3) has been already established. In order to 
prove that (2) is equivalent to (3) we just have to notice that 

C? c = and /|a=£r 

because ei = d/dx l is a coordinate basis. □ 

Noether's theorem. Noether's theorem is a consequence of the existence of a 
variational description of the problem. In the standard case |18| . when the La- 
grangian is invariant by the first jet prolongation of a vertical vectorficld Z then 
the Noether current J = izm®L is a conserved current. By a conserved current we 
mean a (r — l)-form such that its pullback by any solution of the Euler-Lagrangc 
equations is a closed form on the base manifold N. Therefore the integral of the 
(r — l)-form J over any closed (r — l)-dimensional submanifold vanishes. 

We will show that a similar statement can be obtained for a field theory over 
general Lie algebroids F and E: for every symmetry of the Lagrangian we get a 
form which is closed over every solution of the Euler-Lagrange equations. But now 
the word conserved has only a partial meaning, because when the Lie algebroid F 
is not TN we do not have a volume integral neither a Stokes theorem. 

In what follows in this subsection F is a general Lie algebroid, not necessarily a 
tangent bundle. 

Following the steps in the derivation of the equation for critical sections, if a is 
any 7r-vertical section of E (we do not need it to be compactly supported) we have 
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that 

$ (1 >Xa)£ = d[$ (1) *v(De L ] - ^*i aW n L , 

It follows that if $ is a solution of the Euler-Lagrange equations $ (1) *i CT (i)f2i = 0, 
then 

$ (1 >Xw^ = d[* (1) ** tr (i)e L ]. 

The above is the base of Noether's theorem. 

Definition 29. We wiZi soy that the Lagrangian density £ is invariant under a 
7T -vertical section a G Sec(£?) if d^L = 0. 

It follows from this definition that L is invariant under er if and only if it is 
invariant under the flow of a (1) , that is = L. 

Definition 30. A (r — l)-form A is said to fee a conserved current i/$ (1) *A is 
a closed form for any solution <fr o/ the Euler-Lagrange equations. 

With these definitions and taking into account the above arguments we have the 
following result. 

Theorem 31. Let a G Sec(E) be a ir-vertical section. Lf the Lagrangian density is 
invariant under a then i^i)©/, is a conserved current. 

Proof. If d a (i)L = 0, from the relation <S> (1) *d CT( i),C = d[$ (1) *i CT (i)9L], we have that 
d[<I> (1) *i ^i) ©i,], for every solution $ of the Euler-Lagrange equations. □ 

We insist however that the lack of an integral description does not allow to 
interpret this as a conservation law in the classical sense. 

8. The Hamiltonian formalism 

For the Hamiltonian approach we consider the affine dual of 07r. This is the 
bundle whose fiber over m G M is the set of all affine maps from # m 7r to R. As 
in the standard case, there is a more convenient representation of this bundle as a 
bundle of r-forms, which we will denote by the same symbol. Explicitly, we consider 
the bundle 7Tiq ' : S^n —> M whose fibre at m € M is 

dln = {Xe (E* m ) Ar | i kl i k2 \ = for all k u k 2 G K m } . 

An element in 3 n has the local expression A = Xqlu + \%e a Aoj a and it is identified 
with the affine map Ao + A^y". We thus have local coordinates (x l , u A , /j,q, yf^) on 
3^n, where yu and M„ are the functions given by uo(\) = Ao and /Xq(A) = A°. We 
also consider the .E-tangent bundle to 3^7r, whose fibre at the point A is 

T x E tfn = { (a, V) G E m x T x tfn \ p E (a) - T m \V) } , 

and the projection Wio^ = Twig} , which defines the bundle map 7rj = (Wipf, 7Tio ^). 

On 3^7r we have a canonically defined r-form 9, the multimomentum form, 
given by 6 A = (ttI )*A, or explicitly, 

Q\(Zi,Z 2 , . . . , Z r ) — A(ai, 02, ■ ■ ■ , a r ), 

for = (A, dj, Vj) G T^S^tt, i = 1, . . . , r. The canonical multimomentum form has 
the local expression 

The differential of the canonical multimomentum form is (minus) the canonical 
multisymplectic form on 3^ir, that is O = — dO. Its local expression is 

n = T a A A uj a + \a«Cl X a A X' 3 A uj a - 7 A u - M «(Q Q + C b ab 5Z)X a A w. 
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We also consider the vector bundle dual to Vir represented as the bundle 7Tio* : V*n 
M whose fibre at m G M is the set of all linear maps £: K m — > i*^ r_1 \ where 
n = 7t(to). An element of W is of the form £ = ge a Aw a , and therefore we have 
local coordinates (x l ,u A ,fj,%) on W, where = 

We have used the same symbol for the coordinates [i a a in fin and in W because 
the manifold $-k is fibred over the manifold V*ir. Indeed, an element A in ^ m -n is 
an affine map and therefore has an associated linear map, which is represented as 
an element of W, and thus provides a surjective submersion t: ^7r — » W. As 
before, we consider the F-tangent bundle T E V*ir whose fibre at £ G V*7r is 

7f VV = { (a, V) G F m x T £ VV | p B (a) = Tttio*(V) } . 

In order to avoid confusions, the basis of local sections of T E 3^n will be denoted 
(X a , X a , CP , CP") and similarly, the basis of local sections of T E V*n will be denoted 

(X a , X a , CP"). That is, we will denote the vertical elements 0, -^a^j by CP" instead 

of V" as before. Accordingly, the dual basis will be denoted (X a , X", CP , CP° ) and 
(X a ,X",CP°), respectively. 

Liouville-Cartan forms. By a Hamiltonian section we mean a section of the 
bundle I: S'tt — » V*7r. With the help of a Hamiltonian section /i we can pullback 
the canonical multimomcntum and multisymplectic forms to W, 

e h = (Thye and n h = (Th)*n. 

Notice that flh = —dOh since Th is a morphism of Lie algebroids. Locally, a 
Hamiltonian section h is determined by a local function H(x l , u A , by means 
of h(x l , u A , = (a; 1 , u A , /i° , — H(x l , u A , /i^)), that is, the coordinate /zo is deter- 
mined by ^ = —H(x l ,u A ,^). It follows that the forms <dh and fi/j have the local 
expression 

e h = fJ , a a X a Au )a -Hu ) 

and 

il h = X" A CP° A co a + \^Cl p X a AX? Auja + dH Alu- ^(Q Q + C a b b ^)X" A w. 

Hamilton equations. A solution of the Hamiltonian system defined by a Hamil- 
tonian section h is a morphism A from rjy : F — > N to : T E V*ir — > W such 
that 

A* (i x f2 fc ) = 0, 

for every section AC of T E V*w vertical over F. The above equations are said to be 
the Hamiltonian field equations. 

Such a map A has the local expression A = (X a + A"X a + ACj, a CPC]) <g> e a . By 
taking the section X = CP" in the Hamilton equations we get 

i x Sl = tt^-w - 1° A w a 



and then 



from where we get 



a*(/v<>) = [|| K 



A" = 



Taking now the section X = X a in the Hamilton equations we get 
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and thus 

from where we get the relation 

Kc = -pi^K + $ + c^Af ) - ^c b ab . 

It follows that the Hamiltonian field equations are 
K = H and A c ac + &Ct c = -p*^L + ^ (C2 a + Cj a ^j . 
Notice that they do not determine A, but they provide the value of A° c the trace 

On the other hand, the map A must be a morphism; in particular it is an 
admissible map p 1 o A = TAo p F , which in coordinates reads 

= p « + p - K and ^ii = 

The additional properties for being a morphism are 

dH\ (dH\' BHdH dH OH 



and 



A a a a a a r~id 

IV ab\c ~ 1V ac\b — A ad°cb5 



but this one is a consequence of the admissibility conditions. Therefore we get the 
system of partial differential equations 

i du A _ A A dH 

Pa dx* ~ Pa+Pa dp% 

dp a J lb W b J la + 0fh d$d»* + ^dp« ^Q^+^ba 

i^a_ , bfjc -_ n A^_, u c ( C1 , C1 9H\ 
Pc Q xl + Ha^bc - Pa q u a + \^ Ca + S« d[1% j ■ 

which will be called the Hamiltonian partial differential equations. 

The Legendre transformation. Let <j)Q e 07r and m = 7Tio (<^q). We define 
3\c(0o) S Sti^ as follows. For every <fi e 3 m 7r, we consider the map t t— > tp(t) — 
£(</>o + — </>o))- The value of 3x (</>o) over is the first order affinc approximation 
of <p at t = 0, 

^WoXtf) =¥>(<>)+ ¥>'(<)). 

The map 9\c : 07r — > fin is said to be the Legendre map or the Legrendre transfor- 
mation. 

In coordinates, if </> = (e n + j/"e Q ) e a and = (e a + z"e a ) ® e a , then <p(t) = 
L(x 4 , U A ,y«+t(z«-y«)), so that 

^(0o)(0) = ¥>(0) + ¥>'(0) = L(^,n A ,C) + ^(s'V.tfX*? - 

which under the canonical identification (p + = +p„e Q A w a corresponds 

to 
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It follows from this expression that 9\c is smooth and that (T9\c)*9 = 0£. There- 
fore (T9 L )*n = n L 

Finally, the reduced Legendre transformation is the map 3x : 07r — > W given by 
projection 3x = t o 3x. In coordinates, if ^ G V-zr has coordinates ^ = (a; 1 , u A , «°) 
then we have 

BT 

which under the canonical identification = p a a e a A u a corresponds to 

BT 

In local coordinates the tangent prolongation of the Legendre transformation is 
given by 

{Tj L yu A = u A (T§ L yx a = x a 

and 

(TJfJV = x l (T3 L yX a = T a 

(T? L y u A = u A (T? L yx a = x a 

BT / BT 

Equivalence. If the Legendre transformation 3x is a (global) diffeomorphism we 
will say that the Lagrangian is hyperregular. In this case both formalisms, the 
Lagrangian and the Hamiltonian, are equivalent. 

Proposition 32. The following conditions are equivalent: 

(1) 3x is a local diffeomorphism. 

(2) For every <fi £ 3n the linear map 7]Jj3x is invertible. 

(3) The Lagrangian L is regular. 

Proof. [(1) <^ (2)] If 3x is a local diffeomorphism, then T3x is invertible. Thus, 
for every <j> 6 #7r we have that (3x(0), a, V) ^ (cfi, a, (T^Sx) -1 ^)) is the inverse 
of T^c- Conversely, if Xp^m is invertible for every <f) & 8n, and V E T^Sn is such 
that I*3x(V) = 0, then F is vertical (because 3x is a map over the identity) and 
thus 

%(0,o, v) = (^(^),o,r^(y)) = (j £ (^),o,o). 

Since T^S ^ in invertible, we get that V = 0. 

[(2) <^ (3)] From the local expression of the prolongation of 3x we get that T^Sx 
is invertible if and only if the matrix „ „ n is invertible, which is equivalent to the 
regularity of the Lagrangian. □ 

Theorem 33. Let L be a hyperregular Lagrangian. If $ is a solution of the Euler- 
Lagrange equations then A = T3x ° < I )(1) is a solution of the Hamiltonian field 
equations. Conversely, if A is a solution of the Hamiltonian field equations then 
there exists one and only one solution $ of the Euler- Lagrange equations such that 
A = T3 r ^o$< 1 ). 
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Proof. Let $ £ Sec(7r) be a solution of the Euler-Lagrange equations and define 
A = T3x o Then A is a morphism, because so is and T9\c. Moreover, it 
is a solution of the Hamiltonian field equations. Indeed, if X and Y are such that 
T3x o7 = loj £l then 

If $ is a solution of the Euler-Lagrange equations then the right hand side vanishes 
for every Y vertical, and then the left hand side vanishes for every X vertical. 
(Notice that if Y is vertical and arbitrary so is X.) 

Conversely, let A be a solution of the Hamiltonian field equations, and define 
^ = (TGfx) -1 o A. Then, for every vertical Y we have 

so that 'J satisfies ^*ix^L — 0, for every vertical X. Since the Lagrangian is 
regular we have that 'J is semiholonomic. But since A is a morphism, so is ^, and 
hence is jet prolongation "J" = <I> (1) with <E> a morphism. Therefore $ € Sec(7r) is 
a solution of the Euler-Lagrange field equations. □ 

Unfortunately, the most interesting examples of Lagrangian field theories are 
singular, so that the above result does not apply. In such cases we can proceed as 
in jXHj or alternatively as it is explained in the next subsection. 

The unified formalism. Probably the best alternative in the analysis of the 
Hamiltonian equations is the so-called unified formalism [221 H3 • 

Consider the fibred product 07r Xm V* 71 " - * M, and the map Aj, : 07T Xm V*tt — > 
3'tt defined by 

A L (0,V)(^)=iW)+W-0). 
In local coordinates, if <ft = (x l ,u A ,y"), ijj = (x l , u A , [i a a ) and <j)' = (x\u A , z%), then 

Thus the coordinates of \l{4>i VO are (^\ w" 4 , u A , Da) ~ VaVai Ma)i that is the 
value of the coordinate fi of Al(</>, -0) is = L(x*,u A ,y%) — ^Va- 

We consider the S-tangent bundle t^ XmV , 7T : T e (3tt x m V*7t) — > 07T x M W 
and the projections v%o and ui from this bundle to : E — > M and : F ^ N , 
respectively. 

By pulling back the canonical multisymplectic form f2 on J% to 07r Xjh W by 
TA £ we get a multisymplectic form f2 L on #7r x m V*tt, 

n L = (TA L )*fi, 

in terms of which we set the field equations. Notice that if we define L = (TAl)*G 
then £1 L = —dQ L . In coordinates 

Definition 34. _B?/ a solution of unified field equations we mean a morphism T G 
Sec(ui) such that T*(i x Cl L ) = for every v\-vertical section X ofT E (3^ x m^V). 

We will see that this equations reproduce the field equations and the semiholon- 
omy condition. 

The section T is of the form T = A), where 'I' is a section of #7r and A is a 
section of V%, both projecting to the same section of ir. It is easy to see that T is a 
morphism of Lie algebroids if and only if if? and A are morphisms of Lie algebroids. 

We consider the forms A L = <d L - (T pr 1 )*9 L and E L = VL L - (T pi^)*^, so 
that S L = — dA L . In coordinates we have that 

. T ( . dL \ 
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Proposition 35. Let T G Scc(wi) be a morphism, and "J", A its components. 

(1) T*izQ L = for every Tpi^vertical section Z if and only iffy is semiholo- 
nomic (and hence holonomic). 

(2) Y*izQ L = for every Tv-vertical section Z if and only if \& is semiholo- 
nomic and ImT_ C Graph(5F,c). 

(3) Y*izQ L = for every Tv-vertical section Z if and only ifY*i\yQ L = for 
every section W. 

Proof. Indeed, for Z — we have that 

i^Z L = -0 a Aw a , 

so that T*ig3cS L = ^*0 a A u> vanishes if and only if ^ is scmiholonomic. Since 
is a morphism we have that \t is holonomic. This proves the first condition. 
For the second we have 

Therefore T*iz^l L = for Z = 5 " and Z = if and only if is semiholonomic 
and T* — Jpb^ = 0, that is, T takes values on the graph of the Lcgcndrc 
transformation 3x ■ 

Finally, for the third we take Z — X a and thus 

i Xa Z L = -d Xa A L + d(i Xa A L ). 
The pullback by T of the second term vanishes because T* commutes with d and 

T*i Ia A £ = T* (,£ - ||) Wo = o. 

Thus we have T*i% a ^ L — —T*d% a A L which vanishes as a consequence of the first 
two properties 



T*c?x a A 




= + = 0. 

This proves the third. □ 

We notice that if W is semiholonomic and T = ('J, A) is a morphism of Lie 
algebroids (admissible is sufficient) such that the base map is in the graph of the 
Legendre transformation, ImT C Graph(3x), then T itself is in the graph of T3x, 
that is, A = T3x o Indeed, if we denote by £ the bundle map ( = T — T5 x o 
then we have that (*x l = 0, (*u A = 0, CVa = and 

CX 

which vanishes if ImT C Graph(3x). Moreover we have that £*X a = 0, (*X a = 
(because * is semiholonomic), C*V" = 0, and 



CK = Cdii% = dcx = d 

which vanishes because ImT C Graph(9 r r J ). 
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Proposition 36. Let T = (^,A) be a solution of the unified field equations. Then 
\j> = $(!) with $ a solution of the Euler- Lagrange equations and A = T3x o 

Conversely, i/$ is solution of the Euler- Lagrange equations then T = ( < & (1) , T3x° 
is a solution of the unified field equations. 

Proof. Let T be a solution of the unified field equations. Then if Z = (X, Y) is a 
section of T E dn x m we have 

**i x n L = r*i z E L . 

Thus for a Tpr ^vertical Z we have that X = 0, and thus T*i^!B L = 0, so that * 
is semiholonomic, and hence holonomic — <I> (1) . On the other hand if Z is Tpr 2 - 
vertical, then X is vertical and by proposition [23 we get that ^*ix^L = 0. Thus 
T*i z E L = and it follows that T is in the graph of the Legendre transformation, 
i.e. it is of the form T = ('J', T9x o vf). Finally, since T*i z H L vanishes for verticals 
Z, it vanishes for every Z, and hence ^*ix^L = 0. Thus "J" = satisfies the De 
Donder equations, i.e. <I> is a solution of the Euler-Lagrange equations. 

Conversely, let <I> be a solution of the Euler-Lagrange equations and set T = 
(<& (1) , T3\c o Since $ is a morphism so is hence so is T9x ° < & (1) and 

hence so is T. Thus 

r*i z n L = **i x n L + r*i z ~ L = th z e l , 

which vanishes because 4> (1) is semiholonomic and (by definition) the image of T is 
contained in the graph of the Legendre transformation. □ 

9. Examples 

Standard case. In the standard case, we consider a bundle tt : M — > N, the stan- 
dard Lie algebroids F = TN and E = TM and the tangent map n = Tn: TM -> 
TN . Then we have that 07T = J 1 ^. Thus we recover the standard first order Field 
Theory defined on sections on the bundle M. If we take coordinate basis, we recover 
the local expression of the Euler-Lagrange field equations and the Hamiltonian field 
equations. Moreover, if we take general non-coordinate basis of vectorfields, our 
equations provides an expression of the standard Euler-Lagrange and Hamiltonian 
field equations written in pseudo-coordinates. 

In particular, one can take an Ehresmann connection on the bundle 7r: M — > N 
and use an adapted local basis 

e -— and J * ~ dx * + * duA 

In this case, the greek indices and the latin capital indices coincide. Then we have 
the brackets 

[e,,ej] = -Rf 3 e A , [ei,e B ] = ^f B e A and [e A ,e B ] = 0, 

where we have written Tf A = dYf / du A and where is the curvature tensor of the 
nonlinear connection we have chosen. The components of the anchor are = 81, 
Pi = and p B = 8g so that the Euler-Lagrange equations are 

yf 

J_ T A n, B T A n, B — RA 

' 1 ,/;.'/, 1 ,/;.'/, ' ' , , 
_ t b dL dL 



du A 

dx 1 


= if- 


dyf 


dyf 


dx J 


dx 1 




f dL \ 


-( 

dx 1 ' 


ydyf) 



dyf du J 



;i<> 
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On the Hamiltonian side we have the Hamiltonian field equations 



du A 
dx l 


= T A + dH 

1 




f dH \ d 


— 


\d(i A J dx i 


dn\ 

dx l 


P-B^iA — 




9/4 



du A 

See [51 ll8ll2T| for alternative derivations of this equations. 

Time-dependent Mechanics. In {551 EHj we developed a theory of Lagrangian 
and Hamiltonian mechanics for time dependent systems defined on Lie algebroids, 
where the base manifold is fibred over the real line M. Later, in we generalize 
such results to the case of a general manifold (not necessarily fibred over R) which 
was based on the notion of Lie algebroid structure over an affine bundle. Since 
time-dependent mechanics is but a 1-dimensional Field Theory, our results must be 
related to that. 

The case where the manifold M is fibred over R fits in the scheme developed in 
this paper as follows. Consider a Lie algebroid : E — > M and the standard Lie 
algebroid tr : TM — > ML We consider the Lie subalgebroid K = ker(7r) and define 

A=\aeE ~ ° 



* (o) = dt 

Then A is an affine subbundlc modeled on K and the 'bidual' of A is (A')* = E. 
Moreover, the Lie algebroid structure on E defines by restriction a Lie algebroid 
structure on the affine bundle A. 

Conversely, let A be an affine bundle with a Lie algebroid structure as in |48| . 
Then the vector bundle E = (A')* has an induced Lie algebroid structure. If p is 
the anchor of this bundle then the map If defined by 7f(z) = Tit{p{z)) is a morphism. 
Moreover we have that A = { a G E | 7r(a) = } as above. 

We have a canonical identification of A with 07T. Indeed, let T: 07r — > A be the 
map TO) = Then T is well defined, i.e. T(cj>) € A because 

^)=^(|)) = 0r^)(|) = |- 

The inverse of the map T is clearly T^ 1 (a) = adt, where by <f) — adt we mean the 
map </>(tJj) = ra. One can easily follow the correspondences between both theories. 
For instance the vertical endomorphism Sdt associated to the volume form dt is the 
vertical endomorphism as defined in |48| . 

The morphism condition is just the admissibility condition so that the Euler- 
Lagrange equations are 



dL 

7 oq + c } a v ) + q^aP^' 



du A 






~dT 


= Po 


+ p«y a 


~( 


dL \ 


dL 


dt \ 


dy^J 





where we have written x° = t and j/q = y a . This expression is in agreement 
with For the Hamilton equations we have 

du A _ A A dH 
^T~ Pa +Pa dT a 

d P-» _ ,, (r i , r i dH \ _ n A dH 

dt -^ [Uoa + u P a dv ) Pa du A ' 
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where we have written //° = fi a . 

The autonomous case. A very common case in applications is that of systems 
depending on morphisms from a Lie algebroid to another one, which are not sections 
of any bundle. In this case we construct the bundle E as the product of both 
algebroids. We assume that we have two Lie algebroids t^: F — ► N and Tq : G — > Q 
over different bases and we set M = N x Q and E — F x G, where the projections 
are both the projection over the first factor n(n, q) = n and W(a, k) = a. The anchor 
is the sum of the anchors and the bracket is determined by the brackets of sections 
of F and G (a section of F commutes with a section of G). We therefore have that 

p£ = 0, C: b = and C^ = 0. 

In this case a jet at a point (n,q) is of the form cj){a) = (a, ((a)), so that it is 
equivalent to a map (: F n — > G q . Therefore, in what follows we identify 07r with 
the set of linear maps from a fibre of F to a fibre of G. This is further justified by 
the fact that a map $ : F — > G is a morphism of Lie algebroids if and only if the 
section (id, $) : F — > F x G of it is a morphism of Lie algebroids. 

The affine functions Z2 a reduce to ZJ a — Cj a y% and thus the Euler-Lagrange 
equations are 

In the more particular and common case where F = TN we can take a coor- 
dinate basis, so that we also have C c ab = 0. Therefore the Euler-Lagrange partial 
differential equations are 



dv/_ 

d. 



X" 



A a 
PaVa 



d ( dh\ dL ^ ^ dL 



dx" { dy% J dyZ paVa + du A Pa ' 

Autonomous Classical Mechanics. When moreover F = TR — > R then we recover 
Weinstein's equations for a Lagrangian system on a Lie algebroid 

— = P A v a 
dt PaU 

d ( 8L\ _ dL 7 p dL A 

dt\dr)~dy^ <f> aV + du^ Pa ' 

where, as before, we have written x° = t and y§ = y a . For the Hamilton equations 
we have 

du A , 8H 



=p a : 



dt ra d^ a 

dH A dH 
dt ~^ U ^d^ Pa du A ' 

where we have written fi° a = n° a . 

Poisson Sigma model. As an example of autonomous theory, we consider a 2- 
dimcnsional manifold N and it tangent bundle F — TN. On the other hand, 
consider a Poisson manifold (Q,A). Then the cotangent bundle G = T*Q has 
a Lie algebroid structure, where the anchor is p(a) = A(er, • ) and the bracket is 
[a, n] = d T p ^rj — d T p ^o — d T ®A(o-, n), where d T ® is the ordinary exterior differential 
on Q. 
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The Lagrangian density for the Poisson Sigma model is = — ^<p*A. In 

coordinates (x 1 , x 2 ) on N and (u A ) in Q we have that A = \A JK -^p- A q^tt- A jet 
at the point (n, q) is a map 4>: T n N — > T*Q, locally given by <fi = yxidu K £g> dx % . 
Thus we have local coordinates {x % ,u K ,yKi) on 3^. The local expression of the 
Lagrangian density is 

£ = ~A JK Aj A A K = ~A JK yjl y K2 dx 1 A dx 2 . 

where we have written Ak = <&*{d/du K ) — yKidx 1 . 

A long but straightforward calculation shows that for the Euler-Lagrange equa- 
tion 



j_ / dL \ = ac „ dL A 

dx a \dy%) dyl 0aUa du APa 



the right hand side vanishes while the left hand side reduces to 



2 A \VL2\\-yLi\2+ duL yMiyK2j=0. 

In view of the morphism condition, we see that this equation vanishes. Thus the 
field equations are just 



du J 
dx a 

dyja dy Jb , dA KL 



A JK y Ka - 

L 

yKbVLa = 0, 



dx b dx a du J 



or in other words 



d<j) J + A JK A K = 

dAj + \a K j L A k A4 l = 0. 



The conventional Lagrangian density for the Poisson Sigma model is £/ = 
tr($ A T$) + i$*A, which in coordinates reads £' = Aj A d<p J + \A JK Aj A A K . 
The difference between L' and L is a multiple of the admissibility condition d(j) J + 

K) 



A JK A 



L'-L = AjA d(/) J + ^A JK Aj A A K + ^A JK Aj A Ak — A,, A (d<j) J + A JK A K ). 

Therefore both Lagrangians coincide on admissible maps, and hence on morphisms, 
so that the actions defined by them are equal. 

Remark 37. In the conventional analysis of the Poisson Sigma model [SH] the 
morphism condition is not imposed a priori and it is a result of the field equations. 
The 1-form Aj acts as a Lagrange multiplier and something special occurs for this 
model since the multiplier is known in advance, not as consequence of the field 
equations. o 

Remark 38. In more generality, one can consider a presymplectic Lie algebroid, 
that is, a Lie algebroid with a 2-cocycle f2, and the Lagrangian density L = — 
The Euler-Lagrange equations vanishes as a consequence of the morphism condition 
and the closure of so that we again get a topological theory. In this way one can 
generalize the theory for Poisson structures to a theory for Dirac structures. O 
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Holomorphic maps. Given two complex manifolds (N, Jn) and (M, Jm) a map 

tp : N — »■ M is a holomorphic map if its tangent map commutes the complex struc- 
tures, that is, Tip o J N = J M o Tip. In many applications one has to consider a 
Lagrangian depending on holomorphic sections of a bundle v : M — > N, the projec- 
tion v being holomorphic Tv o J M = J N o Tv. Our theory can include also such 
systems as follows. 

Since a complex structure J on a manifold Q satisfies d 2 j — 0, we have that TQ 
can be endowed with a Lie algebroid structure in which the exterior differential is 
dj = [ij,d T Q]. Therefore a first idea is to use such Lie algebroid structures on 
both complex manifolds. Nevertheless, we have that a bundle map $ = is a 

morphism if and only if it is admissible, i.e. Jm o $ = T$ o J N , which determines 
the map $ by <!> = — Jm ° T$ o J N . Therefore, we do not get a holomorphic maps 
except if we impose the additional condition <f> = T$. 

Since tangent maps are the only morphisms between tangent bundles (with the 
standard Lie algebroid structure), we can solve the problem by considering together 
both Lie algebroid structures on a complex manifold Q, 

• the standard one, where the exterior differential is the standard exterior 
differential d T ® ,and 

• the Lie algebroid structure provided by the complex structure, where the 
exterior differential is dj — {ij,d T ®]. 

Notice that both structures are compatible in the sense that [dj,d T ®\ = 0. 

This is done by introducing an additional parameter A G R as follows. For a 
complex manifold (Q, J) we set G = M x TQ — > R x Q, the vector bundle with 
projection t^ x q(\, v) = (X,tq(v)). On G we consider the Lie algebroid structure 
given by the exterior differential d = d T ® + Xdj, with dX = 0. Then it is clear that 
d 2 = so that we have endowed G with a Lie algebroid structure. The anchor is 
p G = (0,id T Q + AJ), that is 

p G (X, v) = (0, v + XJv) eTlx TQ, 

We consider the above construction for the complex manifold N and we get the 
Lie algebroid F = W. x N, and for the complex manifold M and we get the Lie 
algebroid E = lx M. The projection tt = (W,n) given by 7f(A, v) = (A, Tv{v)) and 
7r(A, m) = (A, v{m)) is a morphism of Lie algebroids since v is holomorphic. 

Given a map $ = ($,$) form TN to TM we have a the bundle map $' from 
F to E defined by $'(X,w) = (A,¥(w)) and J>'(A,n) = (A,$(n)). Then $' is a 
morphism of Lie algebroids if and only if $ is a holomorphic map and $ = T$. 
Indeed, <&' is a morphism if and only if it is admissible p^o$ = T$' o p F . This is 
equivalent to 

(0,¥H + AJ M ($M)) = (0,T$H + XT$(J N {w))) 

for every (A, w) £ F, which finally is equivalent to 

¥ = TJ> and J M o TJ> = T$ o J N . 

Conversely, if ^ is a morphism form F to E, which is A independent, then "J" = $' 
for some holomorphic map <& and with $ = T$. Obviously, <&' is a section of it if 
and only is $ is a section of v. 

Systems with symmetry. The case of a system with symmetry is very important 
in Physics. We consider a principal bundle v : P — > M with structure group G and 
we set N = M, F = TN and E = TP/G (the Atiyah algebroid of P), with 
tt = ([7V],id M ). (Here [7V]([v]) = Tv(v) for [v] G TP/G.) Sections of tt are just 
principal connections on P and a section is a morphism if and only if it is a flat 
connection. The kernel K is just the adjoint bundle (P x Q)/G — > M. 



40 



EDUARDO MARTINEZ 



dy2 




dx b 






fdL\ 


— 1 

dx a ' 


\dy a a ) 



An adequate choice of a local basis of sections of F, K and E is as follows. Take 
a coordinate basis = d/dx l for F = TM, take a basis {e a } of the Lie algebra 
2 and the corresponding sections of the adjoint bundle {e Q }, so that CTg are the 
structure constants of the Lie algebra. Finally we take sections {e^} of E such that 
ei projects to ej, that is, we chose a (local) connection and is the horizontal lift 
of ej. Thus we have [e^e^-J = —VLf^e a and [ej,e a ] = 0. In this case there are no 
coordinates u A , and with the above choice of basis we have that the Euler-Lagrange 
equations are 

dx b dx- +c ^ VbVa ~ ab 
J L _(dL\_dL c1 v ? = 

dx a \dy2J dy2 0a a 
In particular, if we chose as connection for the definition of our sections a flat 
connection (for instance a solution of our variational problem or just a coordinate 
basis) then this equations reduce to 

c&vtvl = o 

dy2 0aVa ' 

which are the so called Euler-Poincare equations E] • 

The case considered in [Jj where the Lagrangian has only a partial symmetry 
can be analised in a similar way. 

10. Conclusions and outlook 

We have developed a consistent Field Theory defined over Lie algebroids, finding 
the Euler-Lagrange equations via a multisymplectic form. We also proved that 
when the base Lie algebroid is a tangent bundle we have a variational formulation. 
The admissible variations are determined by the geometry of the problem and are 
not prescribed in an ad hoc manner. It will be interesting to find a variational 
formulation for the general case. 

Particular cases of our Euler-Lagrange equations are the Euler-Poincare equa- 
tions for a system defined on the bundle of connections of a principal bundle, 
the Lagrange-Poincare equations for systems defined on a bundle of homogeneous 
spaces and the Lagrange-Poincare for systems defined in semidirect products. Our 
formalism can also describe variational problems defined for holomophic maps. 

We have also studied a Hamiltonian formalism and we have proved the equiv- 
alence with the Lagrangian formalism in the cases of a hyperregular Lagrangian. 
Moreover, we have defined a unified formalism which incorporates the relevant as- 
pects of both the Lagrangian and the Hamiltonian formalism. 

Among the many advantages of our treatment we mention that it is a multi- 
symplectic theory, that is the field equations are obtained via a multisymplectic 
equation. This will help in studying the theory of reduction of systems with sym- 
metry and to establish a procedure of reduction by stages. In this respect, the 
results by Sniatycki JjJSj are relevant. 

On the other hand, there are many aspects that has been left out of this paper 
and can be interesting in it own. For instance, the geometry of our extended notion 
of jet bundles needs to be studied in more detail, defining the total and contact 
differential which will allow to write the Euler-Lagrange equations in a simplified 
way. Systems of partial differential equations are also worth to study and condition 
for the formal integrability of such systems has to be established. For that, it is 
obviously necessary to define the concept of higher-order jets. 
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Finally, in 0Hj we gave an axiomatic definition of a Lie algebroid structure over 
an affine bundle which encodes the geometric structure necessary for developing 
time-dependent Classical Mechanics. It would be nice to isolate the geometric 
structure necessary for developing field theories defining what could be called a Lie 
multialgebroid. 
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